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Abstract
It is a generally agreed upon notion that the elements of geometric measure
theory should play a central role in the mathematical formulation of continuum
mechanics. Homological integration theory, a branch of geometric measure theory
and differential geometry, is concerned with the generalization of the notion of
integration on manifolds. The generalized integral is defined by a current, and within
the class of currents special attention is given to integrals over polyhedral chains,
normal currents and flat chains. Each of the aforementioned currents may be viewed
as an integration over a domain in space of varying degree of regularity, or, as implied
by our present objective, irregularity. By applying the tools of homological integration
theory, generalized bodies will be introduced. The applicability of homological
integration theory to continuum mechanics has been noted in several central works
as for example:
“... This result is of independent mathematical interest and is intimately
related to the flat form and cochains of Whitney”[Zie83],
“... We note that our development has points of contact with some
ideas of geometric measure theory, the theory of distributions, and
earlier developments of the mathematical foundations of mechanics”[AO79].
This thesis further explores the applicability of homological integration theory for
the mathematical formulation of continuum mechanics. The proposed framework is
shown to enable the inclusion of a generalized class of bodies such that a correspond-
ing stress theory is properly formulated and a generalized principle of virtual power
is presented.
In the setting of an n-dimensional Euclidean space, an admissible body is initially
viewed a normal n-current induced by a set of finite perimeter. Bodies viewed as
normal n-currents serve as our elementary building blocks which are used in the
construction of a generalized Cauchy’s flux. The configuration space of bodies in the
physical space is assumed to be comprises Lipschitz embeddings, which are shown
to form an open subset in the space of locally Lipschitz maps endowed with the
strong Lipschitz topology. Thus, virtual velocity fields are naturally viewed as locally
Lipschitz maps. A field over a body is represented by the multiplication of a sharp
function and a normal current. A density transport theorem is developed which is
shown to be analogous to Reynolds’ transport theorem for an implicit time dependent
property.
A generalized Cauchy flux is defined as a real valued function on the Cartesian
product of (n− 1)-currents representing material surfaces and locally Lipschitz map-
pings representing virtual velocities. The duality between restricted velocity fields
and Cauchy fluxes is studied and a generalized version of Cauchy’s postulate implies
that a Cauchy flux may be uniquely extended to an n-tuple of flat (n− 1)-cochains.
Thus, the class of admissible bodies is extended to include flat n-chains, which may be
viewed as currents induced by Lebesgue integrable sets. We note that no restriction
is imposed on the measure theoretic boundary of the generalized body, yet, the flux
over the boundary of this generalized body is well defined as the boundary of a
generalized body is viewed as a flat (n− 1)-chain. A general subset of the boundary
may not be a flat (n− 1)-chain. A generalized material surface is formally introduced
as a trace, defined as the intersection of the boundary with a set of finite perimeter. A
trace is shown to be a flat (n− 1)-chain thus, the flux across such generalized material
surfaces may be calculated. Wolfe’s representation theorem for flat cochains enables
the identification of stress as an n-tuple of flat (n− 1)-forms providing an integral
representation the Cauchy flux.
CHAPTER 1
Introduction
This thesis presents a framework for the formulation of some fundamental notions
of continuum mechanics. Specifically, using elements from geometric measure and
integration theory, we consider, within the geometric setting of Rn, the class of
admissible bodies, configurations of bodies in space, the configuration space, virtual
velocities, Reynold’s transport theorem and Cauchy’s stress theory.
Cauchy’s stress theorem is one of the central results in continuum mechanics.
It asserts the existence of the stress tensor which determines the traction fields on
the boundaries of the various bodies. As the traditional proof relies on locality and
regularity assumptions, from both the validity and the applicability aspects, stress
theory is closely associated with the proper choice of the class of bodies. Furthermore,
an appropriate class of bodies should allow the formulation of the Gauss-Green
theorem or a generalization thereof.
In light of these observations, formulations of the fundamentals of continuum
mechanics have considered, since the middle of the 20th century, the appropriate
choice of the class of bodies. In [Nol59], Noll sets an axiomatic scheme for continuum
mechanics in which a rigorous mathematical framework for the concepts of bodies,
kinematics, forces and dynamical processes is presented. A body is defined as a
compact, differentiable three-dimensional manifold with piecewise smooth boundary,
the manifold is assumed to be covered by a single chart and is endowed with a
measure space structure. The configurations of the body in space provide charts
on the body manifold and a part of the body is defined as a compact subset of the
body with piecewise smooth boundary. The existence of the stress and Cauchy’s
original postulate on the dependence of the traction on the exterior normal is shown
to follow from the additivity assumption on the system of forces and the principle
of linear momentum. In [TT60, p. 466] Truesdell and Toupin ignore the formal issue
of admissible bodies and tacitly assume smoothness wherever necessary. Later on,
in [Tru66, p. 4], Truesdell defines a body as a differential manifold endowed with a
structure of a σ-finite measure space and the σ-ring of subsets are viewed as parts of
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the body.. The common ground for these early works is in the assumption that bodies
in continuum mechanics should have a smooth structure so that the classical versions
of the notions of mathematical analysis apply.
The material universe, a formal structure for the class of admissible bodies, was
presented by W. Noll [Nol62, Nol73]. The material universe is assumed to be a
partially ordered collection of sets. The collection is further furnished with the
operations ∧ (meet) and ∨ (join) (generalizing the operations of intersection and
union operations on sets) such that the material universe has the structure of a
Boolean algebra.
In [GW67], M.Gurtin and W. Williams present an axiomatic formulation of con-
tinuum thermodynamics in which a body is viewed as a standard region, i.e., the
closure of a bounded open set in a three-dimensional Euclidean space. The body’s
boundary is composed of the union of a closed set of zero area measure and a count-
able collection of two-dimensional manifolds of class C1. The collection of subbodies
defined in [GW67] has less structure than Noll’s material universe and it is selected
such that the collection of subbodies will enable a proof of the existence of intrinsic
thermodynamical quantities such as the radiation density, heat flux vector and the
internal entropy density.
M. Gurtin and L. Martins introduced in [GM75] the notion of a Cauchy flux in
order to represent the collection of total forces applied to the collection of plane surface
elements. A Cauchy flux is defined as an additive, area bounded set function acting
on the collection of compatible surface elements of the body, and a weakly balanced
Cauchy flux is defined as a volume bounded Cauchy flux. It is shown that for each
plane surface element the density of the Cauchy flux exists almost everywhere with
respect to the Hausdorff area measure. The weak balance postulate is shown to be a
necessary condition for the linearity of the dependence of the density on the normal
as well as for the formulation of a classical balance law for the Cauchy flux.
It seems that [BF79] and [Zie83] were the first to propose that the class admissible
bodies in continuum physics should consist of sets of finite perimeter. In Ziemer’s
work, admissible bodies are defined as sets of finite perimeter and a weakly balanced
Cauchy flux is shown to be represented by a measurable vector field. The works
[GWZ86, NV88], which followed, further extended these studies. In [GWZ86], the
class of admissible bodies is defined as the class of normalized sets of finite perimeter
while in [NV88], admissible bodies are defined as fit regions which are bounded
regularly open sets of finite perimeter and of negligible boundary. These postulates
2
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enabled the authors to apply a version of the Green-Gauss theorem and consider sets
that do not necessarily have smooth boundaries as bodies in continuum mechanics
for which balance laws may be written.
In [Sil85, Sil91], Silhavy considered bodies as sets of finite perimeter in a bounded
open region of Rn. The author employs a weak approach in the formulation of
Cauchy’s flux theorem. Silhavy’s approach gives rise to a Borel set N0, of Lebesgue
measure zero and a flux vector field q, such that the action of the Cauchy flux is
represented the by q for any surface whose intersections with N0 has Hausdorff
area measure zero. The analysis presented in Silhavy’s work allows for singularities
in the flux vector field and presents for the first time the concept of almost every
surface. In [Sil91], formal definitions of the concepts of almost every body and almost
every surface are given and the choice of the class of admissible bodies is shown to
be intimately related with the class of representing flux vector fields. The notions
of almost every body and almost every surface are further examined in [DMM99]
and it is shown that the Cauchy flux is determined by its action on a collection of
rectangular planar surfaces with edges parallel to the axes of Rn. A similar extension
of the Cauchy interaction is presented in [MM03]. In the above works it is shown that
a weakly balanced Cauchy flux is represented by a divergence-measure vector field.
Vector fields of bounded variations are vector fields whose components are Radon
measure and whose all partial derivatives, taken in the distributional sense, are
Radon measures. Divergence-measure vector fields are viewed as a generalization
of bounded variation vector fields such that one requires each component to be
represented by a Radon measure and the divergence, taken in the distributional
sense, is represented by a Radon measure (rather than all partial derivatives). The
Gauss-Green theorem has been established for sets of finite perimeter and functions
of bounded variations by Federer [Fed69, Section 4.5]. Similar results were obtained
for divergence-measure vector field and sets of Lipschitz deformable boundaries in
[CF99, CF01]. The generalization of these results for sets of finite perimeter were
obtained in [CT05, CTZ09, Sil05], and a further generalization of the theories for
sets of fractal boundaries is given in [Sil09]. In [Sil05], Cauchy’s flux theory is
developed for sets of finite perimeter where it is shown that a real valued Cauchy flux
is represented by a divergence measure vector field. The development is extended
in [Sil06] where fluxes over parts fractal boundaries are investigated and the notion
of normal trace for sets of fractal boundaries is introduced. Rough bodies, introduced
by Silhavy [Sil06], are sets whose measure theoretic boundaries are fractals in the
3
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sense that the outer normal is not defined almost everywhere with respect to the
(n− 1)-Hausdorff measure.
In [Seg86], a weak formulation of p-grade continuum mechanics, for any integer
p ≥ 1, is presented in the setting of differential manifolds. Configurations are viewed
as Cp-embeddings of the body manifold in the physical space and forces are viewed as
elements of the cotangent bundle to the infinite dimensional configuration manifold
of mappings. Forces are shown to be represented by measures on the p-th jet bundle.
Such a measure serves as a generalization of the p-th order stress. The representation
of forces by stress measures enables a natural restriction of forces to subbodies. The
consistency conditions for a such a system of p-th order forces are examined in [Sd91].
The term fractal was coined in 1975 by Mandelbrot to indicate a highly irregular
geometric object (see [Man83]). Mandelbrot’s seminal work was the beginning of
a very large body of research concerning the fractal properties of various physical
phenomena. A variety of approaches have been suggested for the adaptation of
fractal objects to branches of mechanics, e.g., [Tar05a, Tar05b, Tar05d, Tar05c, WY08,
WY09, ES06, OS09].
In [Rod02, RS03], Cauchy’s flux theory is formulated using Whitney’s geometric
integration theory [Whi57] and new developments by Harrison [Har93, Har98a,
Har98b, Har99]. Bodies are viewed as r-dimensional domains of integration in an
n-dimensional Euclidean space with r ≤ n. A body is identified as an r-chain, the
limit of a sequence of polyhedral chains with respect to a norm which is induced
by Cauchy’s postulates. Three types of chains are examined: flat, sharp and natural
chains, such that
polyhedral ⊂ flat chains ⊂ sharp chains ⊂ natural chains.
Flat (n− 1)-chains may represent the fractal boundaries of bodies and sharp chains
are shown to represent even less regular (n− 1)-dimensional objects. Fluxes of a
given extensive property are postulated to be (n− 1)-cochains, i.e., elements of the
dual to the Banach space of (n− 1)-chains. By the duality structure of Whitney’s
theory, as one allows for less regular domains of integration (chains), the resulting
fluxes (cochains) become more regular, automatically.
The present work, describes a framework where the mechanics of bodies with
fractal boundaries may be studied. Unlike [RS03], in which Whitney’s geometric
integration theory is applied, in this work the point of view of geometric measure
theory as in [Fed69] is mainly adopted. Geometric measure theory can be described
4
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best as a generalization of differential geometry by means of measure theory with
the purpose of dealing with non-smooth maps and surfaces. Geometric measure
theory has a mechanical-like origin in Plateau’s problem which considers surfaces of
minimal area having given boundaries as models of soap bubbles. For the relation
between Geometric measure theory and the Plateau problem, see [Alm66]. Early
contributions to geometric measure theory may be attributed to such mathematicians
as L.C. Young and E. De Giorgi (see [Gio06]). The theory has taken a formal structure
in Federer & Fleming’s seminal paper [FF60]. As a reference on Geometric measure
theory one may use Federer’s [Fed69] or [KP08, GMS98, Mor08, Sim84, LY02].
The universal body is modeled as an open subset of Rn and bodies are modeled
as flat chains. In addition to the properties of the class of admissible bodies, special
attention is given to the study of the kinematics of such bodies in space. The appropri-
ate class of admissible configurations appears to be the set of Lipschitz embeddings.
This class enjoys two significant properties. Firstly, the set of Lipschitz embeddings
of the universal body into space is an open subset of the locally convex topological
vector space of all Lipschitz mappings of the universal body into space equipped
with the Whitney, or strong, topology. In addition, for Lipschitz mappings there is
a well defined pushforward action on flat chains, such as those representing bodies.
Therefore, the images of bodies under the pushforward action induced by a Lipschitz
embedding preserve their structure and relevant properties (e.g., the availability of a
generalized Stokes theorem).
Adopting the point of view that virtual velocities are elements of the tangent
bundle of the configuration manifold, as the configuration space is open in the space
of Lipschitz mappings, virtual velocities may be identified with Lipschitz mappings
of the universal body into space. Considering force and stress theory, it is noted
that forces which are required only to be continuous linear functionals relative to the
Lipschitz topology, as would be the analogue of [Seg86], seem to be too irregular for
the setting adopted here. In order to constitute a consistent force system which is
represented by an integrable stress fields, balance and weak balance are postulated. It
is shown further that balance and weak balance are equivalent together to continuity
relative to the flat norm of chains.
The thesis is constructed as follows. Chapters 2–5 contain a short outline of the
various notions of geometric measure theory which are used in this work. Chapter 2
reviews the notion of differential forms, currents, flat chains and cochains. Chapter 3
presents sets of finite perimeter as well as the corresponding definitions for bodies
5
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and material surfaces as currents. In Chapter 4 we discuss some of the properties
of locally Lipschitz maps. In particular, the image of a flat chain under a Lipschitz
mapping is examined. In addition, Lipschitz embeddings and the properties of the
set they constitute are considered. This enables the presentation of a Lipschitz type
configuration space in Chapter 6. In Chapter 5 we discuss the product of locally
Lipschitz maps and flat chains. This multiplication operation is used in the definition
of a local virtual velocity. As an example for the use this proposed setting, Reynolds
transport theorem is presented in Chapter 7. Our main theorem is presented in
Chapter 8 where we prove that a system of forces obeying balance and weak balance
is equivalent to a unique n-tuple of flat (n− 1)-cochains. Generalized bodies and
surfaces are introduced in Chapters 9. Virtual strains, or velocity gradients, stresses
and a generalized form of the principle of virtual work are presented in Chapters 10
and 11.
6
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Elements of Geometric Measure Theory
In this chapter, some of the fundamental concepts form the theory of currents in
Rn are presented. Throughout, the notation is mainly adopted from [Fed69, Chapter
4]. The notion of flat forms needed for Wolfe’s representation theorem, originally
presented in Whitney’s Geometric Integration Theory [Whi57, Chapter VII], is formu-
lated in this section by the tools of Federer’s Geometric Measure Theory.
Let U be an open set in Rn and V a vector space. The notation Dm (U, V) is used
for the vector space of smooth, compactly supported V-valued differential m-forms
defined on U and Dm (U) is used as an abbreviation for Dm (U,R). The notation dφ
is use for the exterior derivative of φ ∈ Dm(U), an element of Dm+1(U). The vector
space Dm(U) will be endowed with a locally convex topology induced by a family of
semi-norms [Fed69, p. 344] as in the theory of distributions.
A continuous linear functional T : Dm(U)→ R is referred to as an m-dimensional
current in U. The collection of all m-dimensional currents defined on U forms the
vector space Dm(U) which is the vector space dual to Dm(U). Let T ∈ Dm(U) with
m ≥ 1 then ∂T, the boundary of T is the element of Dm−1(U) defined by
(2.1) ∂T(φ) = T(dφ), for all φ ∈ Dm−1(U).
The support of a current T ∈ Dm(U) is defined by
spt (T) = U\ {W |W-is open, T(φ) = 0 for all φ ∈ Dm(U), spt(φ) ⊂W} .
Generally speaking, the support of a current T ∈ Dm (U) need not be compact.
However, we note that all currents introduced in this work will be of compact support.
The exterior derivative d is a continuous linear map d : Dm(U)→ Dm+1(U). Thus,
the boundary operation ∂ : Dm+1(U)→ Dm(U), viewed as the adjoint operator to d,
is a continuous linear operator on currents.
As an example of a 0-current in U, let Ln, denote the n-dimensional Lebesgue
measure in Rn. Then, the restricted measure Ln xU is the 0-current defined as
(2.2) Ln xU(φ) =
ˆ
U
φdLn, for all φ ∈ D0(U).
7
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Given η, a Lebesgue integrable m-vector field defined on U, then, Ln ∧ η denotes the
m-current in U defined by
(2.3) Ln ∧ η(φ) =
ˆ
U
φ(η)dLn, for all φ ∈ Dm(U).
The inner product in Rn induces an inner product in
∧
mR
n and |ξ| will denote
the resulting norm of an m-vector ξ. If ξ is an m-vector given by ξ = ∑i ξ iEi with {Ei}
the standard base for
∧
mR
n such that i = 1, . . . ,
(
n
m
)
it follows that
(2.4) |ξ| =
√
〈ξ, ξ〉 =
√
(ξ i)
2.
For an m-covector α, define ‖α‖ by
(2.5) ‖α‖ = sup {α(ξ) | |ξ| ≤ 1, ξ is a simple m-vector} .
Dually, for an m-vector ξ, ‖ξ‖ is defined by
(2.6) ‖ξ‖ = sup
{
φ(ξ) | φ ∈
m∧
Rn, ‖φ‖ ≤ 1
}
,
which results in
(2.7) ‖ξ‖ = inf {∑ ‖ξi‖ |∑ ξi = ξ, ξi − simple m-vector} .
Given φ ∈ Dm(U), for every x ∈ U, φ(x) is an m-covector, and so
(2.8) ‖φ(x)‖ = sup {φ(x)(ξ) | |ξ| ≤ 1, ξ is a simple m-vector} .
The comass of φ is defined by
(2.9) M (φ) = sup
x∈U
‖φ(x)‖.
For T ∈ Dm(U) the mass of T is dually defined by
(2.10) M (T) = sup {T (φ) | φ ∈ Dm (U) , M (φ) ≤ 1} .
An m-dimensional current T is said to be represented by integration if there exists a
Radon measure µT and an m-vector valued, µT-measurable function, ~T, with |~T(x)| =
1 for µT-almost all x ∈ U, such that
(2.11) T (φ) =
ˆ
U
φ(~T)dµT, for all φ ∈ Dm(U).
8
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A sufficient condition for an m-dimensional current, T, to be represented by integra-
tion is that T is a current of finite mass, i.e., M (T) < ∞. An m-current T is said to
be locally normal if both T and ∂T are represented by integration and is said to be a
normal current if it is locally normal and of compact support. The notion of normal
currents leads to the definition
(2.12) N (T) = M (T) + M (∂T) ,
and clearly, every T ∈ Dm(U) such that N (T) < ∞ is a normal current. The vector
space of all m-dimensional normal currents in U is denoted by Nm (U). For a compact
set K of U, set
(2.13) Nm,K (U) = Nm(U) ∩ {T | spt (T) ⊂ K} .
For each compact subset K of U, define FK, the K-flat semi-norm on Dm (U), by
(2.14) FK (φ) = sup
x∈K
{‖φ(x)‖, ‖dφ(x)‖} .
Dually, the K-flat norm for currents T ∈ Dm (U) is given by
(2.15) FK(T) = sup {T (φ) | FK (φ) ≤ 1} .
Note that if T ∈ Dm (U) such that FK(T) < ∞, then, spt(T) ⊂ K. For a given compact
subset K ⊂ U, the set Fm,K(U) is defined as the FK closure of Nm,K(U) in Dm(U). In
addition, set
(2.16) Fm(U) =
⋃
K
Fm,K(U),
where the union is taken over all compact subsets K of U. An element in Fm(U) is
referred to as a flat m-chain in U.
For T ∈ Dm(U) with spt(T) ⊂ K it can be shown that FK(T) is given by
(2.17) FK(T) = inf {M (T − ∂S) + M (S) | S ∈ Dm+1(U), spt(S) ⊂ K} .
By taking S = 0 we note that
(2.18) FK(T) ≤ M (T) .
In addition, any element T ∈ Fm,K (U) may be represented by T = R + ∂S where
R ∈ Dm(U), S ∈ Dm+1(U), such that spt(R) ⊂ K, spt(S) ⊂ K, and
(2.19) FK(T) = M (R) + M (S) .
9
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Flat chains have some desirable properties. We note that the boundary of a flat
m-chain is a flat (m− 1)-chain. Moreover, as Section 4 will show, the flat topology
is preserved under Lipschitz maps. From a geometric point of view the notion of
a flat chain may be used to describe objects of irregular geometric nature such as
the Sierpinski triangle. The following representation theorem reveals the measure
theoretic regularity characterization of flat m-chains.
THEOREM 1. [Fed69, Section 4.1.18] Let T be a flat m-chain in U with spt(T) ⊂ K.
Then, for any δ > 0 and E = {x | dist (K, x) ≤ δ} ⊂ U, the current T may be represented
by
(2.20) T = Ln ∧ η + ∂ (Ln ∧ ξ) ,
such that η is an Ln xU-summable, m-vector field, ξ is a Ln xU-summable (m + 1)-vector
field and spt (η) ∪ spt (ξ) ⊂ E.
A linear functional X defined on Fm(U) such that there exists 0 < c < ∞ with
X(T) ≤ cFK(T) for any compact K ⊂ U and T ∈ Fm,K(U), is referred to as a flat
m-cochain. The flat norm of a cochains is given by
(2.21) F(X) = sup {X(A) | A ∈ Fm(U), FK(A) ≤ 1, K ⊂ U} .
By Theorem 1, a dual representation for flat cochains is available by flat forms which
we shall now introduce.
Given a differentiable mapping u defined on an open set of Rn, its derivative will
be denoted by Du and its partial derivative with respect to the j-th coordinate will
be denoted by Dju. For a smooth m-vector field η in U, the divergence divη of η is an
(m− 1)-vector field in U defined by
(2.22) divη =
n
∑
j=1
Djη x dxj,
where dxi, i = 1, . . . , n denote the dual base vectors relative to the standard basis
ej, j = 1, . . . , n in Rn [Fed69, Section 4.1.6]. For an integrable m-form φ in U, the weak
exterior derivative of φ is defined as an (m + 1) form in U denoted by d˜φ and such that
the equality
(2.23)
ˆ
U
d˜φ(η)dLn = −
ˆ
U
φ (divη) dLn,
holds for all compactly supported, smooth (m + 1)-vector fields η on U. The weak
exterior derivative is simply the exterior derivative taken in the distributional sense.
10
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Note that d˜φ is uniquely defined up to a set of Ln xU-measure zero, thus, for φ ∈
Dm(U), the relation d˜φ = dφ holds Ln xU-almost everywhere.
Differential forms whose components are Lipschitz continuous are referred to as
sharp m-forms (adopting Whitney’s terminology [Whi57, Section V.10]). By Rademacher’s
theorem, the exterior derivative for sharp m-forms exists Ln xU-almost everywhere
and the existence of the weak exterior derivative follows. Sharp forms are clearly a
generalization of the notion of a smooth differential form and a further generalization
is given by flat forms where the Lipschitz continuity is relaxed.
DEFINITION 2. An m-form φ in U is said to be flat if
(2.24) F(φ) = sup
η,ξ
{ˆ
U
(
φ(η) + d˜φ(ξ)
)
dLn
}
< ∞,
where η and ξ are respectively m and (m+ 1) compactly supported, Ln xU-summable
vector fields such that
(2.25)
ˆ
U
(‖ξ‖+ ‖η‖) dLn = 1.
It is further observed that for φ, a flat m-form in U,
(2.26) F(φ) = ess sup
x∈U
{
‖φ(x)‖, ‖d˜φ(x)‖
}
.
Alternative definitions for flat forms may be found in [Whi57, Section IX.7] and
[Hei05, Section 5.5].
REMARK 3. For φ, a flat m-form in U, and ω, a flat r-form in U, φ ∧ ω is a flat
(m + r)-form in U for which we now examine the weak exterior derivative d˜(φ ∧ω).
Let η be a compactly supported smooth m-vector field and ξ a compactly supported
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smooth r-vector field thenˆ
U
d˜(φ ∧ω)(η ∧ ξ)dLn =
ˆ
U
(φ ∧ω) (div (η ∧ ξ)) dLn,
=
ˆ
U
(φ ∧ω) ((divη) ∧ ξ + (−1)mη ∧ divξ) dLn,
=
ˆ
U
(φ(divη)ω(ξ) + (−1)mφ(η)ω (divξ)) dLn,
=
ˆ
U
(d˜φ(η)ω(ξ) + (−1)mφ(η)d˜ω (ξ))dLn,
=
ˆ
U
(
d˜φ ∧ω+ (−1)mφ ∧ d˜ω
)
(η ∧ ξ) dLn.
(2.27)
Thus,
(2.28) d˜(φ ∧ω) = d˜φ ∧ω+ (−1)m φ ∧ d˜ω.
which is a generalization of the well known analogous formula for the exterior
derivative of the exterior product of smooth forms.
The representation theorem of flat cochains is traditionally referred to as Wolfe’s
representation theorem, [Whi57, Chapter IX], [Fed69, Section 4.1.19]. It states that
any flat m-cochain X in U is represented by a flat m-form denoted by DX such that
X (Ln ∧ η + ∂ (Ln ∧ ξ)) =
ˆ
U
[
DX(η) + d˜DX(ξ)
]
dLn,(2.29)
for any η and ξ, compactly supported, Ln xU-summable m and (m + 1)-vector fields,
respectively. It is further noted that the flat norm F(X) for the cochain X is given by
F(X) = ess sup
x∈U
{
‖DX(x)‖, ‖d˜DX(x)‖
}
≡ F(DX).(2.30)
The coboundary of a flat m-cochain X is defined as the flat (m + 1)-cochain dX such
that
(2.31) dX(A) = X(∂A), for all A ∈ Fm(U),
where it is noted that the same notation is used for the coboundary operator and the
exterior derivative. The coboundary is the adjoint of the boundary operator and thus
a continuous linear operator taking flat m-chains to flat (m + 1)-chains. It follows
from the representation theorem of flat chains that the flat (m + 1)-cochain dX is
represented by the flat (m + 1)-form DdX = d˜DX. The last equality is used as the
definition of the exterior derivative of a flat form in [Whi57, Section IX.12].
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Given a flat m-cochain X in U and a flat r-cochain Y in U, then, X ∧ Y is an
(m + r)-cochain represented by the flat (m + r)-form DX∧Y = DX ∧ DY, and for a
flat (m + r)-chain T = Ln ∧ η + ∂ (Ln ∧ ξ), X ∧ Y(T) is defined by Equation(2.29).
Moreover, Equation (2.28) implies that
(2.32) d(X ∧Y) = dX ∧Y + (−1)mX ∧ dY.
For a flat m-cochain X and a flat r-chain T, such that m ≤ r, the interior product
X y T is defined as a flat (r−m)-chain such that
(2.33) X y T(ω) = (X ∧ω) (T), for all ω ∈ Dr−m(U),
where X ∧ω is the flat r-cochain represented by the flat r-form DX ∧ω.
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CHAPTER 3
Sets of finite perimeter, bodies and material surfaces
In this chapter we lay down the basic assumptions regarding the collection of
admissible bodies. Sets of finite perimeter, or Caccioppoli sets, will play a central
role in the proposed framework. We first recall some of the properties of sets of
finite perimeter. Extended presentations of the subject may be found in [Fed69, Zie83,
Zie89, EG92].
Let U be a Borel set in an open subset of Rn and B(x, r) be the ball centered at
x ∈ Rn with radius r. Define the U-density of the point x by
(3.1) d (x, U) = lim
r→0
Ln (U ∩ B (x, r))
Ln (B (x, r))
,
where the limit exists. For α ∈ [0, 1] set
(3.2) Uα = {x ∈ Rn | d (x, U) = α} .
The measure theoretic boundary, Γ (U), of the set U is defined by
(3.3) Γ (U) = Rn −
(
U1 ∪U0
)
.
DEFINITION 4. A Borel set U inRn is said to be a set of finite perimeter if Ln (U) < ∞
and Hn−1 (Γ (U)) < ∞, where Hn−1 (Γ (U)) is the (n − 1)-Hausdorff measure of
Γ (U).
For x ∈ Rn, let νU (x) denote a unit vector in Rn and define
B+(x, r) = B(x, r) ∩ {y | (y− x) · νU (x) ≥ 0} ,
B−(x, r) = B(x, r) ∩ {y | (y− x) · νU (x) ≤ 0} .
(3.4)
The vector ν (x, U) is said to be the measure theoretic exterior normal to U at x if
(3.5) lim
r→0
Ln (B+ (x, r) ∩U)
Ln (B+ (x, r))
= 0,
and
(3.6) lim
r→0
Ln (B− (x, r) ∩U)
Ln (B− (x, r))
= 1.
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For a set of finite perimeter, the exterior normal νU (x) to U exists Hn−1-almost
everywhere in Γ(U) thus making a generalized version of the Gauss-Green theorem
applicable.
Several equivalent definitions for a set of finite perimeter may be found in the
literature. In [Zie89, Section 5.4.1] a set of finite perimeter is viewed as a set U whose
characteristic function χU : Rn → R defined by
(3.7) χU(x) =
1, x ∈ U,0, x 6∈ U,
is a function of bounded variation in Rn. Let f be a real valued function defined on
the open set U. The total variation of f is defined by
(3.8)
‖Var ( f ) ‖ = sup
{ˆ
U
f · div(ϕ)dLn | ϕ ∈ C∞0 (U,Rn) , ϕ(x) ≤ 1 for all x ∈ U
}
,
where C∞0 (U,R
n) is used to denote the space of smooth, compactly supported Rn-
valued functions defined on V. A function u ∈ L1 (V) is said to be a function of bounded
variation in V if each of partial derivatives Diu (taken in the distributional sense) are
Radon measures with a finite total variation. Alternatively, a function u ∈ L1 (V) is a
function of bounded variation in V if
(3.9) ‖U‖BV(U) =
ˆ
U
| f |dLn + ‖Var ( f ) ‖ < ∞.
In this sense, the measure theoretic exterior normal is defined by
(3.10) νU(x) = limr→∞−
DχU (B(x, r))
‖DχU‖ (B(x, r)) .
In [Fed69, Section 4.5], a set of finite perimeter is viewed as a set U such that the
current (Ln xU) ∧ e1 ∧ · · · ∧ en is an integral n-current in Rn. In this work, Definition
4 is chosen for its intuitive geometric interpretation.
. Let B be an open set in Rn. A body in B is denoted by P and is postulated
to be a set of finite perimeter in B. Strictly speaking, a set of finite perimeter is
determined up to a set of Ln measure zero, thus as a point set, it is not uniquely
defined. Formally, each set of finite perimeter determines an equivalence class of sets.
A unique representation of a body is given by the identification of the body P with
TP , an n-current in B defined as TP = (Ln xP) ∧ e1 ∧ · · · ∧ en. By Equation (2.3),
(3.11) TP (ω) =
ˆ
P
ω(x) (e1 ∧ · · · ∧ en) dLnx , for all ω ∈ Dn(B).
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Using the terminology of currents represented by integration, µTP = L
n xP and
~TP = e1 ∧ · · · ∧ en are the Radon measure and unit n-vector associated with the
current TP .
Objects of dimension (n− 1) for which one can compute the flux will be referred
to as material surfaces. Formally, a material surface is defined as a pair S = (Sˆ , v)
where Sˆ is a Borel subset of B such that for some body P we have Sˆ ⊂ Γ(P) and v is
the exterior normal of P such that v(x) = vP (x) is defined Hn−1-almost everywhere
on Sˆ . Let v∗(x) be a the covector defined by
(3.12) v∗(x)(u) = v(x) · u, for all u ∈ Rn,
and set ~TS as the (n− 1)-vector
(3.13) ~TS(x) = v∗(x) y e1 ∧ · · · ∧ en.
It is easy to show that ~TS(x) is a unit, simple (n− 1)-vector Hn−1-almost everywhere
on Sˆ . We use TS to denote the (n− 1)-current in B induced by the material surface
S , such that µTS = Hn−1 x Sˆ and ~TS(x) are the Radon measure and (n− 1)-vector
associated with TS , and
(3.14) TS(ω) =
ˆ
Sˆ
ω(x)(~TS(x))dHn−1x , for all ω ∈ Dn−1(B).
The unit (n− 1)-vector ~TS(x) is viewed as the natural (n− 1)-vector tangent to the
material surface S . By Equation (2.3) we may write
(3.15) TS =
(
Hn−1 x Sˆ
)
∧ ~TS .
Consider the material surface ∂P = (Γ(P), νP ) naturally induced by the body P .
One has,
T∂P (ω) =
ˆ
Γ(P)
ω(x)(~T∂P (x))dHn−1x ,
=
ˆ
Γ(P)
(ω(x) y e1 ∧ · · · ∧ en) · νP (x)dHn−1x ,
=
ˆ
P
dω(x) (e1 ∧ · · · ∧ en) dLnx ,
= TP (dω) ,
= ∂TP (ω).
(3.16)
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where in the third line above Gauss-Green theorem [Fed69, Section 4.5.6] was used.
Thus, it is noted that T∂P = ∂TP as expected, and the material surface S associated
with the body P may be written as
(3.17) TS = (∂TP ) x Sˆ .
Since a Radon measure is a Borel regular measure, the current ∂TP x Sˆ is well defined
for any Borel set Sˆ [Fed69, p. 356].
For each TP , we observe that M (TP ) = Ln (P) and M (∂TP ) = Hn−1 (Γ(P))
correspond to the “volume” of the body and “area” of its boundary, respectively. By
Equation (2.12) one has N (TP ) = Ln (P) + Hn−1 (Γ(P)) < ∞, so that the current TP
is a normal n-current in B, in particular TP is an integral n-current. The open set B is
referred to as the universal body and we define the class of admissible bodies, ΩB, as the
collection of all bodies in the universal body B, i.e.,
(3.18) ΩB = {TP | P ⊂ B, TP = Ln xP ∈ Nn (B)} .
The result obtained in [GWZ86] implies that in case B is assumed to be a set of finite
perimeter, ΩB would have the structure of a Boolean algebra and would form a
material universe in the sense of Noll [Nol73]. In Section 9, a generalized class of
admissible bodies will be defined for which a requirement that B is a bounded set
will be sufficient in order to construct a Boolean algebra structure.
The collection of all material surfaces in B will be denoted by ∂ΩB, so that
(3.19) ∂ΩB =
{
TS | TS = (∂TP ) x Sˆ , TP ∈ ΩB
}
.
By the definition of TS it follows that M (TS) = Hn−1
(Sˆ) for each TS ∈ ∂ΩB. Thus
TS is a flat (n− 1)-chain of finite mass. The material surfaces TS and TS ′ are said to
be compatible if there exists a body TP such that TS = (∂TP ) x Sˆ and TS ′ = (∂TP ) x Sˆ ′.
The material surfaces TS and TS ′ are said to be disjoint if clo
(Sˆ) ∩ clo(Sˆ ′) = ∅.
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Lipschitz mappings and Lipschitz chains
Lipschitz mappings will model configurations of bodies in space. In this chapter
we review briefly some of their relevant properties.
A map F : U → V from an open set U ⊂ Rn to an open set V ⊂ Rm, is said to be
a (globally) Lipschitz map if there exists a number c < ∞ such that |F (x)−F (y)| ≤
c|x− y| for all x, y ∈ U. The Lipschitz constant of F is defined by
(4.1) LF = sup
x,y∈U
|F (y)−F (x)|
|y− x| .
The map F : U → V is said to be locally Lipschitz if for every x ∈ U there is some
neighborhood Ux ⊂ U of x such that the restricted map F |Ux is a Lipschitz map.
Let F : U → Rm be a locally Lipschitz map defined on the open set U ⊂ Rn, then
for every K, a compact subset of U, the restricted map F |K is globally Lipschitz in
the sense that LF ,K, the K-Lipschitz constant of the map F |K, given by
(4.2) LF ,K = sup
x,y∈K
|F (x)−F (y)|
|x− y| ,
is finite.
4.1. Differential topology of Lipschitz maps
The vector space of locally Lipschitz mappings from the open set U ⊂ Rn to the
open set V ⊂ Rm is denoted by L (U, V). For a compact subset K ⊂ U, define the
semi-norm
(4.3) ‖F‖L,K = max {‖F |K‖∞ ,LF ,K} ,
on L (U, V), where,
(4.4) ‖F |K ‖∞ = sup
x∈K
|F (x)|.
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The vector space L(U, V) is endowed with the strong Lipschitz topology (see [FN05]).
It is the analogue of Whitney’s topology (strong topology) for the space of differen-
tiable mappings between open sets (see [Hir76, p. 35]) and is defined as follows.
DEFINITION 5. Given F ∈ L(U, V), for some indexing set Λ, let U = {Uλ}λ∈Λ
be an open, locally finite cover of U ⊂ Rn, and K = {Kλ}λ∈Λ a family of compact
subsets in U such that Kλ ⊂ Uλ and δ = {δλ}λ∈Λ a family of positive numbers. A
neighborhood BL (F ,U , δ,K) of F in the strong topology is defined as the collection
of all g ∈ L (U, V) such that ‖F − g‖L,Kλ < δλ, i.e.,
(4.5) BL (F ,U ,K, δ) =
{
g ∈ L(U, V) | ‖F − g‖L,Kλ < δλ, λ ∈ Λ
}
.
A map ϕ : U −→ V, with U ⊂ Rn, V ⊂ Rm, open sets such that m ≥ n, is said to
be a bi-Lipschitz map if there are numbers 0 < c ≤ d < ∞, such that [Hei00, p. 78]
(4.6) c ≤ |ϕ(x)− ϕ(y)||x− y| ≤ d, for all x, y ∈ U, x 6= y.
Setting L = max
{
1
c , d
}
,
(4.7)
1
L
≤ |ϕ(x)− ϕ(y)||x− y| ≤ L, for all x, y ∈ U, x 6= y,
and in such a case ϕ is said to be L-bi-Lipschitz.
The map F : U → V, where U ⊂ Rn and V ⊂ Rm are open sets such that m ≥ n,
is a Lipschitz immersion if for every x ∈ U there is a neighborhood Ux ⊂ U of x such
that F |Ux is a bi-Lipschitz map, i.e., there are 0 < cx ≤ dx < ∞, and
(4.8) cx ≤ |ϕ(y)− ϕ(z)||y− z| ≤ dx, for all y, z ∈ Ux, y 6= z.
LEMMA 6. The set of Lipschitz immersions is an open subset of L(U, V) with respect to
the strong Lipschitz topology.
PROOF. Let g : U → V be a Lipschitz immersion and for x ∈ U, let Ux be a
bounded open set containing x such that g|Ux is a bi-Lipschitz map. The collection
{Ux}x∈U , forms an open cover of U. SinceRn is paracompact we may extract a locally
finite refinement U = {Uλ}λ∈Λ which is an open subcover of U. For each Uλ select an
open set Vλ such that clo (Vλ) ⊂ Uλ and that {Vλ}λ∈Λ is an open cover of U. Denote
the sets clo (Vλ) by Kλ and note that K = {Kλ}λ∈Λ is a locally finite cover of U and
each Kλ is a compact set with non empty interior. For an extended proof of existence
of K we refer to [Mun00, Section 41].
19
4.1. CHAPTER 4. LIPSCHITZ MAPS AND CHAINS
Let x ∈ Kλ for some compact set Kλ, then g|Kλ is a Lλ-bi-Lipschitz map for some
0 < Lλ < ∞ and let F ∈ L (U, V) then since F|Kλ is a Lipschitz map it will suffice to
show that F|Kλ is an injective map. For every z, y ∈ Kλ,
0 <
|g(z)− g(y)|
|z− y| ≤
| (g−F ) (z)− (g−F ) (y)|
|z− y| +
|F (z)−F (y)|
|z− y| ,
hence
|F (z)−F (y)|
|z− y| ≥
|g(z)− g(y)|
|z− y| −
| (g−F ) (z)− (g−F ) (y)|
|z− y| ,
≥ |g(z)− g(y)||z− y| − ‖g−F‖L,Kλ .
Taking the infimum over z, y ∈ Kλ on both sides it follows that
inf
z, y∈Kλ
|F (z)−F (y)|
|z− y| ≥ infz, y∈Kλ
|g(z)− g(y)|
|z− y| − ‖g−F‖L,Kλ .
Setting δλ = 12 infz, y∈Kλ
|g(z)−g(y)|
|z−y| =
1
2Lλ
it follows that
inf
z, y∈Kλ
|F (z)−F (y)|
|z− y| ≥
1
2Lλ
,
hence F|Kλ is an injective map. Since every x ∈ U is contained in some Kλ it follows
that F is a Lipschitz immersion. 
The following theorem pertaining to the set of Lipschitz embeddings is given in
[FN05] for the setting of Lipschitz manifolds and its proof is analogous to the case of
differentiable mappings as in [Hir76, p. 36–38].
DEFINITION 7. A Lipschitz map ϕ : U → V is said to be a Lipschitz embedding if it
is a Lipschitz immersion and a homeomorphism of U onto ϕ(U).
THEOREM 8. The set LEm(U, V) is open in L(U, V) with respect to the strong Lipschitz
topology
PROOF. Let ϕ ∈ LEm (U, V). Apply first the proof of Lemma 6 and obtain an open
set BL0 (ϕ,U , δ,K) such that every element in BL0 (ϕ,U , δ,K) is a Lipschitz immersion.
With U = {Uλ}λ∈Λ and K = {Kλ}λ∈Λ selected as in the proof of Lemma 6, recall
that ϕ|Uλ is an Lλ-bi-Lipschitz map. Set
hλ = dist (Kλ, U −Uλ) = inf {|y− z| | y ∈ Kλ, z ∈ U −Uλ} ,
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and δ′λ =
hλ
Lλ
. Note that for δ′ =
{
δ′λ
}
λ∈Λ, the open set B
L
1 (ϕ,U , δ′,K) contains
the collection of elements g ∈ L (U, V) such that for any Uλ ∈ U and Kλ ∈ K
g (Kλ) ⊂ ϕ (Uλ). Since ϕ is an embedding for any λ ∈ Λ we may find disjoint open
sets Aλ,Bλ in V such that
ϕ (Vλ) ⊂ Aλ, ϕ (U −Kλ) ⊂ Bλ,
where Vλ is the open set satisfying clo (Vλ) = Kλ. Letting f ∈ BL0 (ϕ,U , δ,K) ∩
BL1 (ϕ,U , δ′,K), we now show that f is injective. Let x ∈ Vλ and y ∈ U. If y ∈ Kλ
then f (x) 6= f (y) since f |Kλ is a Lipschitz immersion. In case y ∈ U − Kλ, then
f (y) ∈ Bλ while f (x) ∈ Aλ. thus f (x) 6= f (y) and f is injective. 
4.2. Maps of currents induced by Lipschitz maps
Since our objective is to represent bodies as currents, and in particular, as flat
chains, and since we wish to represent configurations as Lipschitz mappings, we
exhibit in the following the basic properties of the images of currents and chains
under Lipschitz mappings.
Let T be a current on U and for open sets U ⊂ Rn and V ⊂ Rm, let F : U −→ V
be a smooth map whose restriction to spt(T) is a proper map. For any r-form ω on V,
the map F induces a form F # (ω), the pullback of ω by F , defined pointwise by
(4.9)
(
F # (ω) (x)
)
(v1 ∧ · · · ∧ vr) = (ω (F (x))) (DF (v1) ∧ · · · ∧ DF (vr)) ,
for all v1, . . . vr ∈ Rn. It is observed that since F is proper only on spt(T), for a form
ω with a compact support, spt(F #(ω)) need not be compact. However, for a real
valued function ζ defined on U which is compactly supported and ζ(x) = 1 for all x
in a neighborhood of spt (T) ∩ spt(F #(ω)), the smooth form ζF # (ω) is of compact
support. Thus, the pushforward F# (T) of T by F may be defined as the current in V
given by
(4.10) F# (T) (ω) = T
(
ζF # (ω)
)
, for all ω ∈ Dr (V) ,
for any ζ with the properties given above [GMS98, Section 2.3]. The definition
of F# (T) (ω) is independent of ζ and thus will be omitted in the following. The
pushforward operation satisfies
∂F# (T) = F# (∂T) ,(4.11)
spt (F#T) ⊂ F {spt (T)} .(4.12)
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By a direct calculation one obtains that
(4.13) M (F# (T)) ≤
(
sup
x∈K
|DF (x)|
)r
M (T) .
Applying Equation (2.12) it follows that
(4.14) N (F# (T)) ≤ N(T) sup

(
sup
x∈K
|DF (x)|
)r
,
(
sup
x∈K
|DF (x)|
)r−1 ,
and by Equation (2.19),
(4.15) FF{K} (F# (T)) ≤ FK(T) sup

(
sup
x∈K
|DF (x)|
)r
,
(
sup
x∈K
|DF (x)|
)r+1 ,
where F {K} is the image of the set K under the map F .
In case F : U −→ V is a locally Lipschitz map, the map F# cannot be defined as
in the case of smooth maps. However, given any compact K ⊂ U, for T ∈ Fr,K (U),
one may define the current F# (T) as a weak limit.
Let {Fτ}, τ ∈ R+, be a family of smooth approximations of F obtained by
mollifiers [Fed69, Section 4.1.2]. (It is observed that flat chains have compact supports
so that it is not necessary to require that F is proper.) Set
F#T(ω) = lim
τ→0
Fτ#T(ω), for all ω ∈ Dr(V).
The sequence {Fτ# (T)} is a Cauchy sequence with respect to the flat norm so that
the limit is well defined and one may write
(4.16) F# (T) = lim
τ→0
Fτ# (T) .
As a result, the locally Lipschitz map F : U → V induces a map of flat chains
F# : Fr (U)→ Fr (V) .
Properties (4.11) and (4.12) hold for the map F# induced by a locally Lipschitz
map F and
(4.17) M (F# (T)) ≤ M (T)
(
LF ,spt(T)
)r
.
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It follows that for normal currents
F#(T) ∈ Nr,F (K)(V), for all T ∈ Nr,K(U),
N (F# (T)) ≤ N(T) sup
{(
LF ,spt(T)
)r
,
(
LF ,spt(T)
)r−1}
,
(4.18)
and for flat chains
F#(T) ∈ Fr,F{K}(V), for all T ∈ Fr,K(U),
FF{K} (F# (T)) ≤ FK(T) sup
{(
LF ,spt(T)
)r
,
(
LF ,spt(T)
)r+1}
.
(4.19)
See [Fed69, Section 4.1.14] and [GMS98, Section 2.3] for an extended treatment.
In Whitney’s theory, the Lipschitz image of a flat chain A is defined as follows
[Whi57, Chapter X]. First, for P = spt(A) consider a full sequence of simplicial
subdivision {Pi} such that Pi+1 is a simplicial refinement of Pi. Next, let {Fi} be
a sequence of piecewise affine approximations of the Lipschitz map F such that
Fi(v) = F (v) for all vertices v in the simplicial complex Pi. The chain F# (A) is
defined as the limit in the flat norm of
(4.20) F (A) = lim
i→∞
Fi(A).
Although Whitney’s definition of F#(A) differs from that of Federer, the resulting
chains are equivalent.
For a locally Lipschitz map F : U −→ V, and a flat m-cochain X in V, let F # (X)
be the flat r-cochain in U defined by the relation
(4.21) F # (X) (T) = X (F# (T)) , for all T ∈ Fr(U).
The flat r-cochain F #(X) is represented by the flat r-form F # (DX), the pullback of the
flat r-form DX representing X by the map F . Note that it follows from Rademacher’s
theorem, [Fed69, Section 3.1.6], that DF exists Ln-almost everywhere in U. We note
that as Rademacher’s applies to a globally Lipschitz map and we consider locally
Lipschitz maps, a generalization of the theorem, Stepanov’s theorem [Hei00, Theorem
3.4], may be used to prove the Ln-almost existence of DF . This does not limit the
validity of Equation (4.9), as a flat form is defined only Ln-almost everywhere.
Consider a locally Lipschitz map F : U −→ V from an open set U ⊂ Rn to
an open set V ⊂ Rm. For a flat n-cochain X in V and a current TB induced by an
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Ln-summable set B in U, one has
F # (X) (TB) =
ˆ
B
F #DXdLn,
=
ˆ
B
DX (F (x)) (DF (x)(e1) ∧ · · · ∧ DF (x)(en)) dLnx ,
=
ˆ
B
DX (F (x)) (e1 ∧ · · · ∧ en) JF (x)dLnx ,
=
ˆ
F{B}
∑
x∈F−1(y)
DX (y) dHny .
(4.22)
In the last equation the area formula for Lipschitz maps [GMS98, Section 2.1.2] was
applied and JF (x) is the Jacobian determinant of F at x. In case F : U → V is
injective with U ⊂ Rn and V ⊂ Rn, we have
(4.23) F # (X) (TB) = X (F#TB) =
ˆ
F{B}
DX (y) dLny = X
(
TF{B}
)
,
thus, F#TB = TF{B}. In particular, for a body P , and an injective Lipschitz map F we
note that
(4.24) F#TP = TF{P}.
For the material surface T∂P, Equation (4.11) gives
F#(T∂P ) = F#(∂TP ) = ∂F#(TP ) = ∂TF{P},
and for a material surface TS Equation (3.17) implies that
(4.25) F# (TS) = TF{S}.
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The representation of fields over bodies
A real valued field over a body P will be represented below by the product of
the current TP and a sharp function—a real valued locally Lipschitz mapping. (The
terminology is due to Whitney [Whi57, Section V.4].) The space of sharp functions
will be denoted by Ls (U).
A sharp function φ ∈ Ls (U) defines a flat 0-cochain αφ on U as follows. Let ξ be
an Ln xU-measurable function compactly supported in U. Then, Ln ∧ ξ is a 0-current
of finite mass in U as defined in Equation (2.2). We set
αφ(Ln ∧ ξ) =
ˆ
U
φ(x) (ξ(x)) dLnx .(5.1)
For a compactly supported Ln xU measurable 1-vector field η, Ln ∧ η is a 1-current of
finite mass in U defined in Equation (2.3). Using the existence of the weak exterior
derivative d˜φ, Ln xU-almost everywhere, we set
(5.2) αφ (∂ (Ln ∧ η)) =
ˆ
U
d˜φ (η(x)) dLnx ,
and obtain expressions analogous to Wolfe’s representation theorem (Equation (2.29)).
Let A ∈ F0(U) be a flat 0-chain in U. Applying Theorem 1, A may be expressed as
A = Ln ∧ ξ + ∂ (Ln ∧ η) with ξ and η as defined above. Set
(5.3) αφ(A) = αφ (Ln ∧ ξ + ∂ (Ln ∧ η)) ,
so that αφ defines a continuous, linear function of flat 0-chains. Applying Equation
(2.30) we obtain
(5.4) F
(
αφ
)
= sup
x∈U
{
|φ(x)|, |d˜φ(x)|
}
.
For A ∈ Fr(U) and φ ∈ Ls (U), define the multiplication φA by φA = αφ yA
using the interior product as defined in Equation (2.33). That is,
(5.5) φA(ω) = (αφ yA) (ω) = (αφ ∧ω)(A), for all ω ∈ Dr(U),
25
CHAPTER 5. THE REPRESENTATION OF FIELDS OVER BODIES
where αφ ∧ω is the flat r-cochain represented by the flat r-form φ ∧ω. Note that by
Equation (5.5)
(5.6) spt (φA) ⊂ spt (φ) ∩ spt (A) .
For the boundary of φA we first note that
(5.7) ∂ (φA) (ω) = φA (dω) = (αφ ∧ dω)A, for all ω ∈ Dr−1(U).
By Equation (2.32)
(5.8) d
(
αφ ∧ω
)
=
(
dαφ
) ∧ω+ αφ ∧ dω,
so that
∂ (φA) (ω) = (d (αφ ∧ω)− (dαφ) ∧ω)A,
=
(
φ∂A− dαφ yA
)
(ω) .
(5.9)
Hence we can write
(5.10) ∂ (φA) = φ∂A− dαφ yA.
REMARK 9. The multiplication of sharp functions and chains was originally de-
fined in [Whi57, Section VII.1] using the notion of continuous chains which are
r-vector field approximations of r-chains.
PROPOSITION 10. Given a sharp function φ, for A ∈ Nr,K(U)
(5.11) Nr,K (φA) ≤
(
sup
x∈K
|φ(x)|+ rLφ,K
)
Nr,K (A) ,
and for A ∈ Fr,K(U) with r < n (see [Whi57, p. 208])
(5.12) Fr,K (φA) ≤
(
sup
x∈K
|φ(x)|+ (r + 1)Lφ,K
)
Fr,K (A) ,
and for r = n
(5.13) Fr,K (φA) ≤
(
sup
x∈K
|φ(x)|
)
Fr,K (A) .
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PROOF. For A ∈ Nr,K(U) we have
M (φA) = sup
ω∈Dr(U)
|φA(ω)|
M (ω)
,
= sup
ω∈Dr(U)
| (αφ ∧ω) (A) |
M (ω)
,
= sup
ω∈Dr(U)
| ´U (φ(x)ω(x))
(
~TA(x)
)
dµA|
M (ω)
,
≤ sup
ω∈Dr(U)
supx∈K ‖ (φ(x)ω(x)) ‖M (A)
M (ω)
,
≤ sup
x∈K
|φ(x)|M (A) ,
(5.14)
where in the third line we used the representation by integration of A and in the
fourth line the term supx∈K |φ(x)| was extracted since spt(A) ⊂ K.
In order to examine the term M (∂ (φA)), we first apply Equation (5.10)
(5.15) M (∂ (φA)) ≤ M (φ∂A) + M (dαφ yA) .
For the first term on the right-hand side we have,
(5.16) M (φ∂A) = sup
ω∈Dr−1(U)
|αφ ∧ω(∂A)|
M (ω)
≤
(
sup
x∈K
|φ(x)|
)
M (A) .
For the second term,
M
(
dαφ yA
)
= sup
ω∈Dr−1(U)
| ´U dαφ ∧ω
(
~TA
)
dµA|
M (ω)
,
≤ sup
ω∈Dr−1(U)
supx∈K ‖d˜φ(x) ∧ω(x)‖M (A)
M (ω)
,
≤ sup
ω∈Dr−1(U)
(
r
1
)
supx∈K |d˜φ(x)|M (ω) M (A)
M (ω)
,
= r
(
sup
x∈K
|d˜φ(x)|
)
M (A) ,
(5.17)
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where in the third line we used the fact that for an l-form ω and a k-form ω′
(5.18) M
(
ω ∧ω′) ≤ ( l + k
k
)
M (ω) M
(
ω′
)
,
as is shown in [FF60].
One concludes that
N (φA) = M (φA) + M (∂ (φA)) ,
≤ sup
x∈K
|φ(x)|M (A) + sup
x∈K
|φ(x)|M (∂A) + rLφ,K M (A) ,
≤
(
sup
x∈K
|φ(x)|+ rLφ,K
)
N (A) .
(5.19)
For a flat r-chain A ∈ Fr,K(U) we use the representation given in Equation (2.19)
by A = R + ∂S so that FK(A) = M (R) + M (S) . We first observe that
M
(
dαφ y S
)
= sup
ω∈Dr(U)
dαφ y S(ω)
M (ω)
,
= sup
ω∈Dr(U), spt(ω)⊂K
(
dαφ ∧ω
)
(S)
M (ω)
,
≤ M (S) M
(
dαφ ∧ω
)
M (ω)
,
≤ M (S)
M (ω)
(
r + 1
r
)
M (ω) sup
x∈K
|d˜φ(x)|,
(5.20)
and conclude that
(5.21) M
(
dαφ y S
) ≤ (r + 1)Lφ,K M (S) .
Estimating FK(φA), one has
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FK(φA) = FK (φR + φ∂S) ,
≤ FK (φR) + FK (φ∂S) ,
≤ FK (φR) + FK
(
dαφ y S + ∂(φS)
)
,
≤ FK (φR) + FK
(
dαφ y S
)
+ FK (∂(φS)) ,
≤ FK (φR) + FK
(
dαφ y S
)
+ FK ((φS)) ,
≤ M (φR) + M (dαφ y S)+ M (φS) ,
≤ sup
x∈K
|φ(x)|M (R) + (r + 1)Lφ,K M (S) + sup
x∈K
|φ(x)|M (S) ,
≤
{
sup
x∈K
|φ(x)|+ (r + 1)Lφ,K
}
(M (R) + M (S)) ,
=
{
sup
x∈K
|φ(x)|+ (r + 1)Lφ,K
}
F (A) ,
(5.22)
where in the third line we used Equation (5.10), in the sixth line we used Equation
(2.18), and in the seventh line we used Equation (5.21). For the case r = n Equation
5.13 follows from the fact that S = 0. 
Note that by Equation (5.11) it follows that
(5.23) N (φA) ≤ (r + 1) ‖φ‖L,K N (A) ,
and by Equation (5.12) if follows that for r < n
(5.24) FK(φA) ≤ (r + 2) ‖φ‖L,K FK(A).
The vector space of sharp functions defined on U and valued in Rm is identified
as the space of m-tuples of real valued sharp functions defined on U i.e. Ls (U,Rm) =
[Ls (U)]m. For φ ∈ Ls (U,Rm) and A ∈ Fr,K(U) the flat r-chain φA is viewed as an
element of the vector space of (Fr,K(U))
m, i.e., an m-tuple of flat r-chains in U with
(φA)i = φiA.
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Configuration space and virtual velocities
Traditionally, a configuration of a body P is viewed as a mapping P → Rn which
preserves the basic properties assigned to bodies and material surfaces. Guided by our
initial definition of a body TP as a current induced by P , a set of finite perimeter in the
open set B, a configuration of the body P is defined as a mapping κP ∈ LEm(P ,Rn).
To distinguish it from a configuration of the universal body to be considered below,
such an element, κP , will be referred to as a local configuration. The choice of Lipschitz
type configurations is a generalization of the traditional choice of C1-embeddings
usually taken in continuum mechanics.
It is natural therefore to refer to QP = LEm(P ,Rn) as the configuration space of the
body P . Since a body is a compact set, it follows from Theorem 8 that QP is an open
subset of the Banach space L(P ,Rn) ∼= L (κP {P} ,Rn).
For P ,P ′ ∈ ΩB the local configurations κP , κP ′ are said to be compatible if
(6.1) κP |P∩P ′= κP ′ |P∩P ′ .
Note that the intersection of two sets of finite perimeter is a set of finite perimeter,
thus, the restricted map may be viewed as the configuration of the body P ∩ P ′.
A system of compatible configurations κ, is a collection of compatible local con-
figurations κ = {κP | P ∈ ΩB}. Clearly, a system of compatible configuration is
represented by a unique element of LEm (B,Rn). An element κ ∈ LEm (B,Rn) will be
referred to as a global configuration, and the global configuration space Q is the collection
of all global configurations, i.e.,
(6.2) Q = LEm (B,Rn) .
We will view the configuration space as a trivial infinite dimensional differentiable
manifold, specifically, a trivial manifold modeled on a locally convex topological
vector space as in [Mic80, Chapter 9].
It is noted, in particular, that a Lipschitz embedding is injective and the image
of a set of a finite perimeter in B is a set of finite perimeter in Rn. In addition, as
Chapter 4 indicates, Lipschitz mappings are the natural morphism in the category of
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sets of finite perimeters and in the category of flat chains. Thus, an element κ ∈ Q
preserves the structure of bodies and material surfaces as required. That is, every
κ ∈ Q induces a map κ# of flat chains. For any TP ∈ ΩB, the current κ# (TP ) is an
element of Nn (Rn), and for any TS ∈ ∂ΩB, the current κ# (TS) is an (n− 1)-chain of
finite mass in Rn. By Equations (4.24) and (4.25) it follows that κ# (TP ) = Tκ{P} and
κ# (TS) = Tκ{S}. Applying Equation (4.18), one obtains for every TS ∈ ∂ΩB that
(6.3) M (κ# (TS)) ≤ M (TS)
(
Lκ,Sˆ
)n−1
.
By Equation (4.17), for every TP ∈ ΩB,
N (κ# (TP )) ≤ N (TP ) sup
{
(Lκ,P )n , (Lκ,P )n−1
}
.(6.4)
For a global configuration κ, let κ (ΩB) denote the collection of images of bodies
under the configuration κ, i.e.,
(6.5) κ (ΩB) = {κ# (TP ) | TP ∈ ΩB} .
Similarly, the collection of surfaces at the configuration κ is
(6.6) κ (∂ΩB) = {κ# (TS) | TS ∈ ∂ΩB} .
A global virtual velocity at the configuration κ is identified with an element of the
tangent space to Q at κ. By Theorem 8, L(B,Rn) is naturally isomorphic to any
tangent space to Q. Moreover, κ induces an isomorphism L(B,Rn) ∼= L (κ {B} ,Rn)
and an Eulerian virtual velocity is viewed as an element of L (κ {B} ,Rn). In what
follows, we refer to L (κ {B} ,Rn) as the space of global virtual velocities at the
configuration κ and use the abbreviated notation Wκ for it. Naturally, an element of
Wκ may be identified with an n-tuple of sharp functions defined on κ {B}, i.e., using
the Whitney topology on L(κ {B}), Wκ = [L(κ {B})]n.
Focusing our attention to a particular body P , one may make use of the approach
of [Seg86] and define a virtual velocity of a body P at a configuration κP ∈ QP as an
element vP in the tangent space TκPQP . It follows from Theorem 8 that one may
make the identifications TκPQP ∼= L(P ,Rn) ∼= L (κP {P} ,Rn).
THEOREM 11. For every body P , and every κP ∈ QP , and every κ ∈ Q such that
κ |P= κP , the restriction mapping
(6.7) ρP : TκQ −→ TκPQP
is surjective.
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PROOF. We recall that Kirszbraun’s theorem asserts that a Lipschitz mapping
f : A → Rm defined on a set A ⊂ Rn may be extended to to a Lipschitz function
F : Rn → Rm having the same Lipschitz constant (see [Fed69, Section 2.10.43] or
[Hei00, Section 6.2]). It follows immediately that any vP ∈ L(P ,Rn) may be extended
to an element v ∈ L(B,Rn). 
Anticipating the properties of systems of forces to be considered below, we wish to
provide the collection of restrictions of global virtual velocities to the various bodies
with a finer structure than that provided by the ‖·‖L,K-semi-norms. In particular,
when considering the restriction v |P of a global virtual velocity v to a body P , we
wish that the magnitude of the resulting object will reflect the mass of P . The local
virtual velocity for the body TP at the configuration κ induced by the global virtual velocity
v ∈ Wκ is defined as the n-tuple of normal n-currents given by the products vκ# (TP )
such that
(6.8) [vκ# (TP )]i = viκ# (TP ) , for all i = 1, . . . , n.
By Equations (5.14) and (5.11), each component [vκ# (TP )]i is a normal n-current such
that
M ([vκ# (TP )]i) ≤ sup
y∈κ{P}
|vi(y)|M (κ# (TP )) ,
≤ sup
y∈κ{P}
|vi(y)| (Lκ,P )n M (TP ) ,
(6.9)
and
N ([vκ# (TP )]i) ≤
((
sup
y∈κ{P}
|vi(y)|
)
+ nLvi,κ{P}
)
N (κ# (TP )) ,
≤
((
sup
y∈κ{P}
|vi(y)|
)
+ nLvi,κ{P}
)
× sup
{
(Lκ,P )n , (Lκ,P )n−1
}
N(TP ).
(6.10)
In other words, the mapping Wκ ×ΩB → Dm (B) given by (v, TP ) 7→ vκ# (TP ) is
continuous with respect to both the mass norm and the normal norm.
Similarly, the assignment of a virtual velocity v ∈ Wκ to a material surface TS
induces an n-tuple of (n− 1)-chains defined by the multiplication vκ# (TS). Each
component [vκ# (TS)]i is a chain of finite mass and applying Equation (5.14), one
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obtains
M ([vκ# (TS)]i) ≤
 sup
y∈κ{Sˆ}
|vi(y)|
M (κ# (TS)) ,
≤
 sup
y∈κ{Sˆ}
|vi(y)|
(Lκ,Sˆ)n−1 M (TS) .
(6.11)
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Density transport theorem
In this chapter we apply the general setting presented thus far and present a
density transport theorem which is analogous to Reynolds transport theorem for an
implicit time dependent property. Using the framework introduced in Chapter 6, a
motion is defined as a mapping
(7.1) M : R×B → Rn,
such that for every t ∈ R the map κt : B → Rn defined by
(7.2) κt(x) = M(t, x), for all x ∈ B,
is a global configuration as presented in Chapter 6, i.e., a Lipschitz embedding
κt ∈ LEm (B,Rn).
In the spirit of Chapter 5, a general Lagrangian representation of an intensive
property is assumed to be given by
(7.3) ψ : B → R,
where we assume that ψ is a sharp function i.e., a real valued, bounded, locally
Lipschitz function. The extensive property associated with ψ and the body TP is
defined as the multiplication ψTP , which, by Proposition 10, is a normal n-current in
B. For any ω ∈ Dn (Rn)
κt# (ψTP ) (ω) =
ˆ
P
ψ(x)ω (κt(x))
(∧
n
Dκt (e1 ∧ · · · ∧ en)
)
dLnx ,
=
ˆ
P
ψ
(
κ−1t (κt (x))
)
ω (κt(x))
(∧
n
Dκt (e1 ∧ · · · ∧ en)
)
dLnx ,
= κt# (TP ) (ψκt ∧ω) ,
= ψκtκt# (TP ) (ω) .
(7.4)
Thus,
(7.5) κt# (ψTP ) = ψκtκt# (TP ) ,
34
CHAPTER 7. DENSITY TRANSPORT THEOREM
where
(7.6) ψκt = ψ ◦ κ−1t : κt (B)→ R,
is viewed as the Eulerian representation of the property ψ.
In order to develop a density transport theorem we wish to investigate the term
(7.7)
d
dt
(κt# (ψTP ))t=0 ,
which will be done by applying the homotopy theory for currents and the formal
definition of the derivative such that
(7.8)
d
dt
(κt# (ψTP ))t=0 = limε→0
[
κε# (ψTP )− κ0# (ψTP )
ε
]
,
we first recall some basic properties of the homotopy theorem for currents.
Let U ⊂ Rn and V ⊂ Rm be open sets with T ∈ Dk(U) and S ∈ Dl(V). Then, the
Cartesian product of T and S is an element of Dk+l (U ×V) denoted by T × S and
defined as follows. Let p, q be the projection mappings
(7.9) p : U ×V → U, q : U ×V → V.
For α ∈ Dr(U) and β ∈ Dm+k−r(V), we note that p#(α) ∧ q#(β) is an element of
Dm+k(U ×V). Thus
(7.10) (T × S)
(
p#(α) ∧ q#(β)
)
=
T(α)S(β), in case r = k,0 in case r 6= k.
For the properties of the Cartesian products of currents we refer to [Fed69, Section
4.1.8].
Let U ⊂ Rn be an open set and let f and g be locally Lipschitz mappings of U into
Rm. For an open set A of R such that [0, 1] ⊂ A, a Lipschitz homotopy from f to g is
a map
(7.11) h : A×U → Rm,
such that
(7.12) h (0, x) = f (x), and h(1, x) = g(x),
for all x ∈ U. A Lipschitz homotopy h is said to be a linear homotopy if
(7.13) h(τ, x) = (1− τ) f (x) + τg(x).
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In the following, we will use the following notation
(7.14) hτ(x) = h(τ, x), for all x ∈ U,
and
h˙τ : U → Rm, h˙τ(x) = Dh(τ, x) (1, 0) , for all x ∈ U,
where in the preceding equation 0 is the zero element in Rn. For T ∈ Dr(U) and a
homotopy h between f and g, the h deformation chain of T is defined as the current
(7.15) h# ([0, 1]× T) ∈ Dr+1 (Rm) .
The properties of the h deformation chain are further investigated in [Fed69, Section
4.1.9] where it shown that for r > 0
(7.16) g# (T)− f# (T) = ∂h# ([0, 1]× T) + h# ([0, 1]× ∂T) .
For an r-current T which is represented by integration and ω ∈ Dr+1 (Rm),
h# ([0, 1]× T) (ω) =
ˆ
[0,1]
[ˆ
U
ω (hτ(x))
(
h˙τ(x) ∧
(
Dhτ(x)~T(x)
))
dµT
]
dL1τ.(7.17)
We now return to Equation (7.8) and let hε : [0, 1]×B → Rn be the linear homotopy
between κ0 and κε i.e., hε(0, x) = κ0(x) and hε(1, x) = κε(x) such that
(7.18) hε(τ, x) = κ0(x)(1− τ) + κε(x)τ.
Applying the homotopy formula, Equation (7.16), it follows that
(7.19) κε# (ψTP )− κ0# (ψTP ) = ∂hε# ([0, 1]× ψTP ) + hε# ([0, 1]× ∂ (ψTP )) .
The following results are independent of any particular homotopy chosen and a linear
homotopy was selected for convenience. Since hε# ([0, 1]× ψTP ) is an (n + 1)-current
in Rn, the first term on the right-hand side of Equation (7.19) vanishes. Applying
Equation (5.10), we obtain
κε# (ψTP )− κ0# (ψTP ) = hε#
(
[0, 1]× d˜ψ y TP
)
+ hε# ([0, 1]× ψ∂TP ) .(7.20)
Thus,
(7.21)
d
dt
(κt# (ψTP ))t=0 = limε→0
hε#
(
[0, 1]× d˜ψ y TP
)
+ hε# ([0, 1]× ψ∂TP )
ε
 .
Each of the terms is examined separately by applying the integral representation of
the hε deformation chain as given by Equation (7.17). As hε is a linear homotopy, by
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direct calculations
Dhετ(x) = (1− τ)Dκ0(x) + τDκε(x),(7.22)
h˙ετ(x) = κe(x)− κ0(x).(7.23)
For ω ∈ Dn (Rn) observe that
(7.24) lim
ε→0
[
hε# ([0, 1]× ψ∂TP ) (ω)
ε
]
= lim
ε→0
´[0,1]
[´
Γ(P) ψ (x)ω (h
ε
τ (x))
(
h˙ετ(x) ∧ [
∧
n−1 Dhετ(x)] ~∂TP (x)
)
dHn−1x
]
dL1τ
ε
 ,
=
ˆ
[0,1]
[ˆ
Γ(P)
[
ψ (x)ω (κ0 (x))
(
v(x) ∧
[∧
n−1
Dκ0(x)
]
~∂TP (x)
)]
dHn−1x
]
dL1τ.
Here, v(x), defined as
(7.25) v(x) = lim
ε→0
h˙ετ(x)
ε
= lim
ε→0
κe(x)− κ0(x)
ε
,
is viewed as the velocity of the material point x ∈ B at the time t = 0. In addition, set
u(x) = Dκ0(x)−1 (v(x)). Note that the integrand is independent of t, thus
(7.26) lim
ε→0
[
hε# ([0, 1]× ψ∂TP ) (ω)
ε
]
=
ˆ
Γ(P)
[
ψ (x) (ω (κ0 (x)))
([∧
n
Dκ0(x)
]
u(x) ∧ ~∂TP (x)
)]
dHn−1x ,
=
(
κ#0(ω)
)
(ψu ∧ ∂TP ) ,
= κ0# (ψu ∧ ∂TP ) (ω),
= ψκ0κ0# (u ∧ ∂TP ) (ω),
= ψκ0v ∧ κ0# (∂TP ) (ω)
Here, u ∧ ∂TP is defined as the n-current such that
(7.27) u ∧ ∂TP (ω) = (u yω) (∂TP ) .
We use
∧
m Dκ0(x) for the map
(7.28)
∧
m
Dκ0(x) :
∧
m
Rn → ∧
m
Rn,
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defined by
(7.29)∧
m
Dκ0(x) (v1 ∧ · · · ∧ vm) = (Dκ0(x) (v1))∧ · · · ∧ (Dκ0(x) (vm)) , for all v1, . . . , vm ∈ Rn.
For the term limε→0
[
hε#([0,1]×d˜ψ y TP)
ε
]
, we obtain
(7.30) lim
ε→0
hε#
(
[0, 1]× d˜ψ y TP
)
(ω)
ε

= lim
ε→0
´[0,1]
[´
P ω (h
ε
τ (x))
(
h˙ετ(x) ∧ [
∧
n−1 Dhετ(x)] d˜ψ y (e1 ∧ · · · ∧ en)
)
dLnx
]
dL1τ
ε
 ,
= 1
ˆ
P
[
ω (κ0 (x))
(
v(x) ∧
[∧
n−1
Dκ0(x)
]
d˜ψ y (e1 ∧ · · · ∧ en)
)]
dLnx ,
=
ˆ
P
[
ω (κ0 (x))
([∧
n
Dκ0(x)
]
d˜ψ
(
Dκ−10 (x)v(x)
)
(e1 ∧ · · · ∧ en)
)]
dLnx .
The term d˜ψ
(
Dκ−10 (x)v(x)
)
is identified with the time-derivative of the Eulerian
field describing the property ψ
(7.31) d˜ψ
(
Dκ−10 (x)v(x)
)
=
dψκt
dt
|t=0.
As a result,
(7.32) hε# ([0, 1]× dψ y TP ) (ω) =
dψκt
dt
|t=0κ0# (TP ) (ω).
We concluded that
(7.33)
d
dt
(κt# (ψTP ))t=0 = ψκ0v ∧ κ0# (∂TP ) +
dψκt
dt
|t=0κ0# (TP ) ,
where the first term is associated as the flux of the property ψ through the boundary
of the body, and the second term is the time derivative of the property in the domain
of the body TP .
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Cauchy fluxes
Alluding to the approach of [Seg86] again, a force on a body P at the configuration
κP ∈ QP is an element in the dual to the tangent space, T∗κPQP . In other words,
forces on P are elements of the infinite dimensional cotangent bundle T∗QP . For
gP ∈ T∗κPQP , and vP ∈ TκPQP , the action gP (vP ) is interpreted as the virtual power
performed by the force gP for the virtual velocity vP . It follows immediately that
a force on a body P at κP may be identified with a linear continuous functional on
the space of Lipschitz mappings. Such functionals are quite irregular and will not be
considered here.
Instead, we use in this chapter the notion of a Cauchy flux at the configuration
κ, as a real valued function operating on the Cartesian product κ (∂ΩB)×Wκ. These
impose stricter conditions on the force system and resulting stress fields. The con-
ditions to be imposed still imply that for a fixed body, a force is a continuous linear
functional of the virtual velocities of that body.
A Cauchy flux represents a system of surface forces operating on the material
surfaces, or more precisely, their images under κ. For a given surface and a given
virtual velocity field, the value returned by the Cauchy flux mapping is interpreted
as the virtual power (or virtual work) performed by the force acting on the image of
the material surface under κ for the given virtual velocity.
DEFINITION 12. A Cauchy flux at the configuration κ is a mapping of the form
(8.1) Φκ : κ (∂ΩB)×Wκ → R,
such that the following hold.
Additivity: Φκ (·, v) is additive for disjoint compatible material surfaces, i.e.,
for every κ# (TS) , κ# (TS ′) ∈ κ (∂ΩB) compatible and disjoint,
(8.2) Φκ (κ# (TS∪S ′) , v) = Φκ (κ# (TS) , v) +Φκ (κ# (TS ′) , v) ,
holds for every v ∈Wκ.
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Linearity: Φκ (κ# (TS) , ·) is a linear function on Wκ, i.e., for all α, β ∈ R and
v, v′ ∈Wκ,
(8.3) Φκ
(
κ# (TS) , αv + βv′
)
= αΦκ (κ# (TS) , v) + βΦκ
(
κ# (TS) , v′
)
holds for every κ# (TS) ∈ κ (∂ΩB).
Let v ∈Wκ and κ# (TS) ∈ κ (∂ΩB), then, by the linearity of the Cauchy flux,
(8.4) Φκ (κ# (TS) , v) = Φκ
(
κ# (TS) ,
n
∑
i=1
viei
)
=
n
∑
i=1
Φκ (κ# (TS) , viei) .
Set Φiκ (κ# (TS) , u) = Φκ (κ# (TS) , uei) for all u ∈ L(κ {B}), so that Φiκ is naturally
viewed as the i-th component of the Cauchy flux at the configuration κ. One has,
(8.5) Φκ (κ# (TS) , v) =
n
∑
i=1
Φiκ (κ# (TS) , vi) .
Balance: There is a number 0 < s < ∞ such that for all components of the
Cauchy flux
(8.6) Φiκ (κ# (TS) , v) ≤ s ‖v‖L,Sˆ M (κ# (TS)) ,
for all κ# (TS) ∈ κ (∂ΩB) and v ∈Wκ.
Weak balance: There is a number 0 < b < ∞ such that for all components of
the Cauchy flux
(8.7) Φiκ (κ# (∂TP ) , v) ≤ b ‖v‖L,P M (κ# (TP )) ,
for all κ# (TP ) ∈ κ (ΩB) and v ∈Wκ.
It is observed that from the balance property assumed above, for each material surface
TS , Φκ (κ# (TS) , ·) is continuous.
REMARK 13. It is noted that the term ‖v‖L,Sˆ in the balance principle, Equation (8.6),
may be replaced with
∥∥v|Sˆ∥∥∞ = supx∈Sˆ |v(x)|. We keep the former for convenience.
THEOREM 14. Each component of the Cauchy flux Φκ induces a unique flat (n− 1)-
cochain in κ {B}.
The proof of Theorem 14 will be divided into three steps.
(Step 1) Each component of the Cauchy flux is used to defines a linear functional
on the space of polyhedral (n− 1)-chains in κ {B}.
(Step 2) The linear functional defined in the previous step is extended to a unique
flat (n− 1)-cochain.
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(Step 3) The compatibility of flat (n− 1) chains with Cauchy flux is established.
PROOF. Step 1:
Let σn−1 be an oriented (n− 1)-simplex in κ {B}. Since κ {B} is open there exists
some n-simplex σn in κ {B} such that σn−1 ⊂ ∂σn. Since κ−1 {σn} is a set of finite
perimeter in B it follows that σn−1 ∈ κ (∂ΩB). In other words, every oriented (n− 1)-
simplex in κ {B}may be viewed as an element of κ (∂ΩB).
In what follows, we use extensions of Lipschitz mappings as implied by Kirszbraun’s
theorem. First, define a real valued function α of (n− 1)-simplices. Let u : κ {B} → R
be a locally Lipschitz function in κ {B} such that u(x) = 1 for x ∈ σn−1, and we set
(8.8) α
(
σn−1
)
= Φiκ
(
σn−1, u
)
.
The fact that the definition is independent of the choice of u follows from condition
(8.6) and will be demonstrated below where α is extended to polyhedral (n − 1)-
chains.
Consider a polyhedral (n− 1)-chainA = ∑Jj=1 ajσn−1j in κ {B} such that
{
σn−1j
}J
j=1
are pairwise disjoint. Define the function u : ∪Jj=1σn−1j → R by
(8.9) u(x) = aj if x ∈ σn−1j .
We now apply Kirszbraun’s theorem and obtain u˜ : κ {B} → R, a Lipschitz
extension to u defined on κ {B}. By the properties postulated for Cauchy fluxes
Φiκ
(
∪Jj=1σn−1j , u˜
)
=
J
∑
j=1
Φiκ
(
σn−1j , u˜
)
=
J
∑
j=1
ajα
(
σn−1j
)
.(8.10)
The function α is now extended to polyhedral (n− 1)-chains in κ {B} by linearity, i.e.,
(8.11) α (A) = α
(
J
∑
j=1
ajσn−1j
)
=
J
∑
j=1
ajα
(
σn−1j
)
.
Thus, α is a linear functional of polyhedral (n− 1)-chains. The value of α(A) is inde-
pendent of any particular extension of u, for given u˜′, u˜ any two Lipschitz extensions
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of u,
(8.12)
∣∣∣Φiκ (∪Jj=1σn−1j , u˜)−Φiκ (∪Jj=1σn−1j , u˜′)∣∣∣
=
∣∣∣Φiκ (∪Jj=1σn−1j , u˜− u˜′)∣∣∣ ,
≤ s ∥∥u˜− u˜′∥∥
L,∪Jj=1σn−1j
M
(
T∪Jj=1σn−1j
)
,
= 0.
Step 2:
From Equation (8.6) it follows that
(8.13) |α
(
σn−1
)
| ≤ sM
(
σn−1
)
, for all σn−1 ∈ κ {B} ,
and by Equation (8.7),
(8.14) |α (∂σn) | ≤ bM (σn) , for all σn ∈ κ {B} .
The flat norm of a the functional α is defined by
F(α) = sup {α(A) | A is a polyhedarl (n− 1)-chain,
FK(A) ≤ 1, K ⊂ κ {B}} .
(8.15)
Using Equation (2.17) the K-flat semi-norm of A is given by
(8.16)
FK(A) = inf
B
{M (A− ∂B) + M (B) | B− a polyhedral n-chain, spt(B) ⊂ K} .
The flat norm of α is given by
(8.17) F(α) = max
{
sup
σn−1∈κ{B}
α
(
σn−1
)
M (σn−1)
, sup
σn∈κ{B}
α (∂σn)
M (σn)
}
≤ max {s, b} .
To obtain the last estimate, let e > 0 and Be be a polyhedral n-chain such that
M (A− ∂Be) + M (Be) ≤ FK(A) + e, so that
|α (A) | ≤ |α (A− ∂Be) |+ |α (∂Be) |,
≤ M (α) M (A− ∂Be) + M (dα) M (Be) ,
≤ sup {M (α) , M (dα)} (M (A− ∂Be) + M (Be)) ,
≤ sup {M (α) , M (dα)} (FK(A) + e) .
(8.18)
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Letting e→ 0, it follows that
(8.19) F(α) ≤ sup {M (α) , M (dα)} .
By Equation (2.18) it follows that M (α) ≤ F (α) and we obtain
(8.20) F(α) = sup {M (α) , M (dα)} .
Since the terms M (α) , M (dα) are evaluated on polyhedral chains it is sufficient to
evaluate it on simplices and Equation (8.17) follows.
We also recall, [Fed69, Section 4.1.23], that polyhedral chains form a dense sub-
space of the space of flat chains, specifically, for every A ∈ Fn−1,K (Rn), a compact
subset C ⊂ κ(B) whose interior contain K and ε > 0, there is and a polyhedral
(n− 1)-chain Aε supported in C such that
(8.21) FC (A−Aε) ≤ ε.
Thus, for every flat (n− 1)-chain A we have a sequence Aj such that limFi→∞Aj = A.
The cochain α is uniquely extended a flat (n − 1)-cochain Ψ such that for every
A = limFj→∞Aj
(8.22) Ψ(A) = lim
j→∞
α(Aj).
The foregoing part of the theorem is analogous to [Whi57, Section V.4].
Step 3:
In order to complete the proof we need to show that for κ# (TS) ∈ κ (∂ΩB) and
v ∈ Ls (κ {B}) we obtain Ψ (vκ# (TS)) = Φiκ (κ# (TS) , v). By [Fed69, Section 4.1.17]
the class of flat chains of finite mass is the M-closure of normal currents. The chain
vκ# (TS) is a flat (n − 1)-chain of finite mass. Hence, the sequence of polyhedral
(n− 1)-chains {Aj}∞j=1, converging vκ# (TS) in the flat norm, has a convergent sub-
sequence
{
Aj′
}∞
j′=1
such that
{
Aj′
}
converges to vκ# (TS) in the flat norm and
(8.23) M (vκ# (TS)) = lim
j′
M
(
Aj′
)
.
By the definition of α and the balance principle, Equation (8.6) the sequence
{
α
(
Aj′
)}∞
j′=1
is a Cauchy sequence in R since |α (Am)− α (Ak) | ≤ sM (Am −Ak). Hence
(8.24) lim
j′→∞
α
(
Aj′
)
= Φiκ (κ# (TS) , v) .
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Since Ψ is an extension of α it follows that Ψ(A′j) = α(A′j) and
|Ψ (vκ# (TS))−Φiκ (κ# (TS) , v) | = |Ψ (vκ# (TS))− lim
j′→∞
α(A′j)|,
= |Ψ (vκ# (TS))− lim
j′→∞
Ψ
(
Aj′
)
|,
= |Ψ (vκ# (TS))−Ψ
(
lim
j′→∞
Aj′
)
|,
= |Ψ
(
vκ# (TS)− lim
j′→∞
Aj′
)
|,
≤ max {s, b} lim
j′→∞
F
(
viκ# (TS)−A′j
)
= 0,
(8.25)
which completes the proof. 
The extension of each flat (n− 1)-cochain from κ {B} ⊂ Rn to Rn is done trivially by
setting its representing flat (n− 1)-form to vanish outside κ {B}. We conclude that a
Cauchy flux Φκ induces a unique n-tuple of flat (n− 1)-cochains in Rn such that
(8.26) Φκ (κ# (TS) , v) =
n
∑
i=1
Ψi (viκ# (TS)) ,
for all v ∈Wκ and κ# (TS) ∈ κ (∂ΩB). The inverse implication is provided by
THEOREM 15. An n-tuple {Ψi} of flat (n − 1) cochains in Rn induces by Equation
(8.26) a unique Cauchy flux Φκ.
PROOF. For each v ∈Wκ and κ#TS , the Cauchy fluxΦκ (κ# (TS) , v) will be defined
by Equation (8.26), and by the components
(8.27) Φiκ (κ# (TS) , vi) = Ψi (viκ# (TS)) .
The additivity (8.2) and linearity (8.3) properties clearly hold since Ψi is a linear
function of flat (n− 1)-chains. For the Balance (8.6) and weak balance (8.7) properties,
recall that since Ψi is a flat (n− 1)-cochain, there exists C > 0 such that for every flat
(n− 1)-chainAwith support in K, we may write |Ψi(A)| ≤ CFK (A). For the balance
property
|Φiκ (κ# (TS) , vi) | = |Ψi (viκ# (TS)) |,
≤ CFκ(S) (viκ# (TS)) ,
≤ CM (viκ# (TS)) ,
≤ C ‖vi‖L,Sˆ M (κ# (TS)) .
(8.28)
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For the weak balance
|Φiκ (κ# (∂TP ) , vi) | = |Ψi (viκ# (∂TP )) |,
≤ CFκ(P) (viκ# (∂TP )) ,
= CFκ(P) (∂ (viκ# (TP )) + dv y TP ) ,
≤ C
[
Fκ(P) (∂ (viκ# (TP ))) + Fκ(P) (dv y κ# (TP ))
]
,
≤ C
[
Fκ(P) (viκ# (TP )) + Fκ(P) (dv y κ# (TP ))
]
,
≤ C [M (viκ# (TP )) + M (dv y κ# (TP ))] ,
≤ C
[
sup
x∈κ(P)
|vi(x)|M (κ# (TP )) + nLv,κ(P)M (κ# (TP ))
]
,
≤ C(n + 1) ‖vi‖L,κ(P) M (κ# (TP )) .
(8.29)

Thus, Theorems 14 and 15 restate the point of view presented in [RS03] that
the balance and weak-balance assumptions of stress theory may be replaced by the
requirement that the system of forces is given in terms of an n-tuple of flat (n− 1)-
cochains.
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Generalized bodies and Generalized surfaces
The representation of a Cauchy flux by an n-tuple of flat (n− 1)-cochains enables
the generalization of the class of admissible bodies and the introduction of a larger
class of material surfaces. By a generalized body we will mean a subset P˚ of the open
set B such that the induced current TP˚ is a flat n-chain in B. Note that the general
structure constructed thus far holds for generalized bodies. For any configuration
κ ∈ LEm(B,Rn), the current κ#
(
TP˚
)
is a flat n-chain in Rn, and the operations
Ψ
(
vκ#
(
∂TP˚
))
and dΨ
(
vκ#
(
TP˚
))
are well defined.
DEFINITION 16. A generalized body is a set P˚ ⊂ B such that the induced current
TP˚ = L
nxP˚ given by
(9.1) TP˚ (ω) =
ˆ
P˚
ωdLn,
is a flat n-chain in B.
By [Fed69, Section 4.1.24] the current TP˚ is a rectifiable n-current or an integral flat
n-chain in B. Moreover, we have
(9.2) F
(
TP˚
)
= M
(
TP˚
)
= Ln
(
P˚
)
.
It is recalled ([Fed69, Section 3.2.14]) that a set E is said to be m-rectifiable if there
exists a Lipschitz function mapping some bounded subset of Rm onto E. The above
definition of generalized bodies implies that a generalized body may be characterized
as an n-rectifiable set in B, or alternatively, as an Ln-summable set in B. The class of
generalized admissible bodies is
(9.3) Ω˚B =
{
TP˚ | P˚ ⊂ B, TP˚ ∈ Fn(B)
}
.
As mentioned in Chapter 3, Ω˚B will have the structure of a Boolean algebra if B was
postulated to be a bounded set. Since Nn(B) ⊂ Fn(B), it is clear thatΩB ⊂ Ω˚B . Given
TP˚ , TP˚ ′ ∈ Ω˚B clearly TP˚∪P˚ ′ is an element of Ω˚B. Contrary to the previous definition
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of bodies, a generalized body needs not be a set of finite perimeter. Although P˚ is a
bounded set, its measure theoretic boundary, Γ(P˚), may be unbounded in the sense
that Hn−1(Γ(P˚)) = ∞. Generally speaking, the boundary of a rectifiable set may not
be a rectifiable set. A classical example of such a generalized body in R2 is the Koch
snowflake. In [Sil06], such a body is referred to as a rough body.
REMARK 17. It is noted that although every generalized body P˚ induces an inte-
gral flat n-chain, not every integral flat represents a generalized body. However, it
seems plausible that a flat n-class, introduced in [Zie62], is in one to one correspon-
dence with the class of generalized bodies. This issue will not be considered in this
work.
Considering a generalized surface, we first note that for a generalized body TP˚ ,
∂TP˚ is a flat (n− 1)-chain in B. In addition, the following argument ([Fle66, Lemma
2.1]) indicates that the restrictions of flat chains to general Borel subsets are not
necessarily flat chains. Let Hλ,s denote the closed half space defined by the linear
functional λ : Rn → R such that
(9.4) Hλ,s = {x ∈ Rn | λ(x) ≥ s} .
For a body TP˚ and a closed half-space Hλ,s the current TP˚ xHλ,s is defined as
TP˚ xγλ,s where γλ,s is the characteristic function of the half-space Hλ,s. Since γλ,s
defines a flat 0-cochain, we may apply Equation (5.10) and obtain
(9.5) ∂
(
TP˚ xHλ,s
)
= ∂TP˚ xHλ,s + TP˚ x ∂Hλ,s.
Let TP˚ ∈ FK,n(B) be a generalized body in B supported in a compact subset K of B,
so that ∂TP˚ is a flat (n− 1)-chain, and consider the chain ∂TP˚ xHλ,s. One has,
FK
(
∂TP˚ xHλ,s
)
= FK
(
∂TP˚ xHλ,s + ∂
(
TP˚ xHλ,s
)− ∂ (TP˚ xHλ,s)) ,
≤ FK
(
∂TP˚ xHλ,s − ∂
(
TP˚ xHλ,s
))
+ FK
(
∂
(
TP˚ xHλ,s
))
,
≤ FK
(
∂TP˚ xHλ,s − ∂
(
TP˚ xHλ,s
))
+ FK
(
TP˚ xHλ,s
)
,
≤ M (∂TP˚ xHλ,s − ∂ (TP˚ xHλ,s))+ M (TP˚ xHλ,s) .
(9.6)
Since TP˚ is a chain of finite mass, M
(
TP˚ xHλ,s
)
< ∞. In addition
(9.7)
ˆ ∞
−∞
M
(
∂TP˚ xHλ,s − ∂
(
TP˚ xHλ,s
))
ds = M
(
TP˚
)
,
and so we can show that M
(
∂TP˚ xHλ,s − ∂
(
TP˚ xHλ,s
))
< ∞ only for L1-almost every
s ∈ R.
47
CHAPTER 9. GENERALIZED BODIES AND GENERALIZED SURFACES
In order to define a generalized material surface we follow [Sil06] where the
various properties of flux over fractal boundaries are investigated.
DEFINITION 18. For a generalized body P˚ , the subset S˚ ⊂ Γ(P˚) is said to be a trace
if there exists a set of finite perimeter M such that S˚ = Γ(P˚) ∩M and Hn−1(Γ(P˚) ∩
Γ (M)) = 0. Each trace S˚ is associated with a unique flat (n− 1)-chain TS˚ given by
(9.8) TS˚ = ∂TP˚∩M − ∂TM x P˚ .
For each ω ∈ Dn−1(B) we have
(9.9) TS˚(ω) =
ˆ
P˚∩M
dω(e1 ∧ · · · ∧ en)dLn −
ˆ
Γ(M)∩P˚
ω(~T∂M)dHn−1,
where ~T∂M is defined as in Equation (3.13). The set M, of finite perimeter, is referred
to as the generator of the trace S˚ and it is shown in [Sil06] that S˚ depends on M only
through the intersection of ∂TP˚ with M.
The collection of generalized material surfaces is defined as
(9.10) ∂Ω˚B =
{
TS˚ | S˚ is a trace in B
}
.
We note that by Proposition 10, for all TS˚ ∈ ∂Ω˚B and v ∈ Wκ, the multiplication
vκ#
(
TS˚
)
is an n-tuple of flat (n− 1)-chains. Thus, by Theorem 14 the Cauchy flux is
naturally extended to the Cartesian product Wκ × κ
(
∂Ω˚B
)
.
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Virtual strains and the principle of virtual work
For TP˚ ∈ ∂Ω˚B and v ∈ Wκ, ∂
(
vκ#
(
TP˚
))
is an n-tuple of flat (n− 1)-chains in B,
whose components are defined by[
∂
(
vκ#
(
TP˚
))]
i = ∂
(
viκ#
(
TP˚
))
.
Thus, Ψ
(
∂
(
vκ#
(
TP˚
)))
is a well defined action of an n-tuple of flat (n− 1)-cochains
on an n-tuple of flat (n− 1) chains. Applying Equation 5.10 for each component we
obtain
(10.1)
n
∑
i=1
Ψi
(
∂
(
viκ#
(
TP˚
)))
=
n
∑
i=1
Ψi
(
viκ#
(
∂TP˚
))− n∑
i=1
Ψi
(
dαvi y κ#
(
TP˚
))
.
Here αvi is the flat 0-chain defined in Section 5.
The terms on the right-hand side of the equation above may be interpreted as
follows. The term ∑ni=1Ψi
(
viκ#
(
∂TP˚
))
is interpreted as the virtual power performed
by the surface forces for the virtual velocity v on the boundary of the body TP˚ at
the configuration κ. Next, for −Ψ (∂ (vκ# (TP˚))) = −dΨ (vκ# (TP˚)), the n-tuple of
flat n-cochains −dΨ is viewed as the body force. Thus the term −dΨ (vκ# (TP˚))
is interpreted as the virtual power performed by the body forces along the virtual
velocity v on the body TP˚ at the configuration κ. Finally, ∑
n
i=1Ψi
(
dαvi y κ#
(
TP˚
))
is
interpreted as the virtual power performed by the Cauchy flux along the derivative
of the virtual velocity v on the body TP˚ at the configuration κ. The last term is
traditionally viewed as the virtual power performed by the stress which we will
formally present in Chapter 7.
An internal virtual velocity is viewed as an element upon which the Cauchy flux
will act. Thus, a generalized internal virtual velocity is defined as an n-tuple of flat
(n− 1)-chains in κ {B}. A typical internal virtual velocity will be denoted by χ and is
viewed as a velocity gradient or a linear strain-like entity. Clearly, not every internal
virtual velocity is derived from an external virtual velocity. Motivated by the above
physical interpretation and the classical formulation of the principle of virtual work,
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we introduce the kinematic interpolation map
(10.2) ε : κ(Ω˚B)×Wκ → [Fn−1 (κ (B))]n
such that each component is given by
(10.3)
(
ε
(
κ#
(
TP˚
)
, v
))
i = vi∂κ#
(
TP˚
)− ∂ (viκ# (TP˚)) ,
and for a compact set K, for which κ
{
P˚
}
⊂ K we note that
FK
(
vi∂κ#
(
TP˚
)− ∂ (viκ# (TP˚))) ≤ FK (vi∂κ# (TP˚))+ FK (∂ (viκ# (TP˚))) ,
≤ FK
(
vi∂κ#
(
TP˚
))
+ FK
(
viκ#
(
TP˚
))
,
≤
(
sup
x∈K
|vi(x)|+ nLφ,K
)
FK
(
∂κ#
(
TP˚
))
+
(
sup
x∈K
|vi(x)|
)
FK
(
κ#
(
TP˚
))
,
≤ (n + 2) ‖vi‖L,K FK
(
κ#
(
TP˚
))
.
(10.4)
Note that the map ε is disjointly additive in the first argument and is linear in the
second argument. By Equation (10.4) ε is continuous with respect to the flat norm of
κ#
(
TP˚
)
and the K-Lipschitz semi-norm of v for any compact K, such that P˚ ⊂ K. An
internal virtual velocity χ is said to be compatible if there are P˚ ∈ Ω˚B and v ∈Wκ such
that
(10.5) χ = ε
(
κ#
(
TP˚
)
, v
)
.
Given a compatible virtual internal velocity χ = ε
(
κ#
(
TP˚
)
, v
)
we may write,
Ψ
(
ε
(
κ#
(
TP˚
)
, v
))
=
n
∑
i=1
Ψi
(
vi∂κ#
(
TP˚
)− ∂ (viκ# (TP˚))) ,
=
n
∑
i=1
Ψi
(
viκ#
(
∂TP˚
))− n∑
i=1
dΨi
(
viκ#
(
TP˚
))
,
=
n
∑
i=1
dαvi ∧Ψi
(
κ#
(
TP˚
))
,(10.6)
and obtain
(10.7) Ψ
(
vκ#
(
∂TP˚
))− dΨ (vκ# (TP˚)) = Ψ (ε (κ# (TP˚) , v)) ,
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for all TP˚ ∈ Ω˚B and v ∈ Wκ. We view the last equation as a generalization of the
principle of virtual power.
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Applying the representation theorem of flat cochains, a Cauchy flux is represented
by an n-tuple of flat (n− 1)-forms in κ {B}. Let Ψi denote the flat (n− 1)-cochain
associated with the i-th component of the Cauchy flux. Then, DΨi will be used to
denote its representing flat (n− 1)-form. The n-tuple of flat (n− 1)-forms in κ {B}
representing the Cauchy flux will be denoted by DΨ and will be referred to as the
Cauchy stress.
Using the representation theorem for flat forms we obtain an integral represen-
tation of the principle of virtual power given in Equation (10.7). The virtual power
performed by surface forces is represented by
(11.1)
n
∑
i=1
Ψi
(
viκ#
(
∂TP˚
))
=
n
∑
i=1
(
κ# (d (αvi ∧Ψi))
) (
TP˚
)
,
=
n
∑
i=1
ˆ
P˚
d˜
(
viDΨi (κ (x))
)
(Dκ(x)(e1) ∧ · · · ∧ Dκ(x)(en)) dLnx ,
=
n
∑
i=1
ˆ
P˚
d˜
(
viDΨi (κ (x))
)
(e1 ∧ · · · ∧ en) Jκ(x)dLnx .
Equations (4.21) and (4.9) were used in the first and second lines. As noted above, the
Cauchy stress DΨ is an n-tuple of flat (n− 1)-forms, and by the definition of flat forms
(Definition 2), each component of the stress is an essentially bounded, Ln-integrable,
(n− 1)-form whose weak exterior derivative is an essentially bounded, Ln-integrable
n-form. By applying Equation (5.10) to the integrand of Equation 11.1, we note that
(11.2) d˜
(
viDΨi
)
= d˜vi ∧ DΨi + vi ∧ d˜DΨi .
Thus, DΨi and d˜DΨi may be changed on a set of L
n-measure zero without affecting
the value of the Cauchy flux on κ#
(
∂TP˚
)
for any virtual velocity v. For a generalized
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material surface TS˚ , the representation of the stress as an equivalence class of L
n-
integrable functions, may seem to be problematic as the current TS˚ is supported on
a set of Ln-measure zero. It may appear as though one can change the Cauchy flux
without changing its representing flat from. In order to resolve this issue, we note that
in order to apply the integral representation of the Cauchy flux we must first apply
Theorem 1 and represent the chain TS˚ by Lebesgue integrable vector fields in the
form TS˚ = L
n ∧ η + ∂ (Ln ∧ ξ) . Thus, changing the flat form of a set of Ln-measure
zero will not effect the Cauchy flux.
The virtual power performed by body forces is represented by
(11.3) −
n
∑
i=1
dΨi
(
viκ#
(
TP˚
))
= −
n
∑
i=1
κ# (αvi ∧ dΨi)
(
TP˚
)
,
= −
n
∑
i=1
ˆ
P˚
(
vid˜DΨi (κ (x))
)
(Dκ(x)(e1) ∧ · · · ∧ Dκ(x)(en)) dLnx ,
= −
n
∑
i=1
ˆ
P˚
(
vid˜DΨi (κ (x))
)
(e1 ∧ · · · ∧ en) Jκ(x)dLnx .
The virtual power performed by internal forces is represented by
(11.4)
n
∑
i=1
dvi ∧Ψi
(
κ#
(
TP˚
))
=
n
∑
i=1
κ# (dαvi ∧Ψi)
(
TP˚
)
,
=
n
∑
i=1
ˆ
P˚
(
d˜vi ∧ DΨi (κ (x))
)
(Dκ(x)(e1) ∧ · · · ∧ Dκ(x)(en)) dLnx ,
=
n
∑
i=1
ˆ
P˚
(
d˜vi ∧ DΨi (κ (x))
)
(e1 ∧ · · · ∧ en) Jκ(x)dLnx .
For κ : B → Rn, a Lipschitz map, κ#Ψ is an n-tuple of flat (n− 1)-cochains in B.
Each cochain κ#Ψi is represented by a flat (n− 1)-form Dκ#Ψi = κ#DΨi . The associated
n-tuple of flat (n− 1)-forms, κ#DΨ is identified as the Piola-Kirchhoff stress
(11.5)
(
κ#DΨ(x)
)
i
= Jκ(x)DΨi (κ(x)) .
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Concluding remarks and further points of research
This thesis demonstrates again that the fundamental notions of continuum me-
chanics may be generalized by applying the tools of geometric measure theory. Iden-
tifying bodies as currents in Rn led to the definition of Lipschitz embedding con-
figurations and locally Lipschitz virtual velocities. A generalized stress theory was
presented in which the stress was identified with an n-tuple of flat (n− 1)-forms.
This generalized stress theory enables the inclusion of n-rectifiable sets into the class
of admissible bodies. The class of generalized bodies, viewed as flat n-chains, serve
as an extension to the class of sets of finite perimeter representing taken as the class
of admissible bodies. The inclusion of flat n-chains in the class of admissible bodies
implies minimal restrictions on the boundary of bodies. Thus, sets of fractal boundary,
rough bodies, were shown to be admissible bodies. In addition, a density transport
theorem was formulated within the proposed framework and it was shown to be
analogous to Reynolds’ transport theorem.
Further research is suggested in order to investigate further applications to the
theory to the generalization of some fundamental notions such as:
• The mechanics of r-dimensional bodies for r < n (analogous to the the-
ory of plates and shells) may be introduced by the examination of bodies
represented by r-currents.
• A generalized Reynolds’ transport theorem which
– applies to rough bodies,
– includes explicit time dependent properties by representing the property
by a time dependent cochain.
In addition, an extension of the theory to the general setting of differentiable manifolds
devoid of any metric structure or parallelism structure would be an interesting
program to pursue.
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